Lectures 23: 15.2. Double integral: over a rectangle R = {(z,y);a < z <

b, c <y <d}
//Rf(w,y)dfl

If f is positive then this is the volume of the solid S above the rectangle R in the
z-y plane and below the surface z = f(z,y). Iterated integrals:

[ [ repaa= [ [ 1epa)e
Th.(Fubini)

(15.2.3) //Rf(a:,y)dA:/ab/cdf(x,y)dyda::/cd/abf(a:,y)dxdy

Pf Intuitively, we can interpret A(x) = fcd f(z,y) dy as the area of the cross section
of the solid S with the plane with constant = coordinate. Then we can think of the

volume of S as f: A(z) dx.

Ex. Find the volume of the solid that lies above the square R = [0,2] x [0, 2]
and below the elliptic paraboloid z = 16 — 22 — 2¢2.

Sol.

2 2 2 2
// 16—x2—2y2dA:/ / 16—m2—2y2dydx:/ 16y — 2%y — 2y%/3| dy
R 0 Jo 0 0

2 2
:/ 32—2x2—16/3d;v:32:c—2333/3—16:c/3‘ =64—16/3 — 32/3 =48
0 0

Ex. Find f02 Jo ycos (zy) dy dz.
Sol.

2 ™ ™ 2 T
/ / ycos (zy) dy dz = / / y cos (zy) dx dy = / sin (zy) |12;:0 dx
0o Jo 0o Jo 0

= / sin (2x) dz = cos (23:)‘::0 =0
0

Useful fact:

/a b / " g(@)h(y) dyde = / ' (o) d / " h) dy

15.3 Double integrals over more general regions. Theoretically, if we want
to define the double integral over a more general bounded region D we find a
sufficiently large rectangle R containing D; D C R. We define

(15.3.1

)
//D fz,y) dA://RF(m,y) dA, where F(z,y)= { g’(%y), (ia,:;jg;);DD

Region of type I:

(15.3.2) D={(z,y);a<zx<b g1(z) <y < gsx)}
1



b prg2(x)
(15.3.3) | rewmaa= [ [ S dyds
a Jgi(z

In fact using (15.3.1) and Fubini

(15.3.4) / /D Fz,y)dA = / ’ / e, y) dyde = / b /g g(()) F,y) dy dz

since F(z,y) = 0 when y < ¢g1(z) or y > ga(z) and F(z,y) = f(z,y), when
91(z) <y < go(a).
Region of type I:

(15.3.5) D={(z,y);c<y<d, h(y) <z < hs(y)}

h2(y)
(15.3.6) // flz,y)dA = / / (z,y)dzdy
h1(y)

Ex. Evaluate [[, zcosydA, where D = {(z,y); 0 <z <1,0 <y <z?}.

1 pz? 1 ) 1
// a:cosydA:/ / a:cosydydx:/ xsiny‘w_odx:/ zsin (z?) dz
D o Jo 0 v= 0

1-1
= COS (xz)/2|(1) = %

Ex. Evaluate fol f33y e® dx dy.

1 /3
//erdxdy://e dA, D={(z,y);0<y<1,3y<z<3}
0 3y

Here
D={(zy);0<y<1,3y<z<3}={(z,9);0<2<3,0<y<z/3}

SO

) 3 z/3 ) 3 - 3, z2 3 9 _1
//emdA:/ / e” dyda:::/ e’ y‘ /3dac—/ e“”x/3dx:e— = ¢
D o Jo 0 0 6 lz=0 6

If f(z,y) < g(z,y) then [[, f(z,y)dA < [[, g(x,y) dA. Furthermore, we can
us double integrals to calculate areas:

//D 1dA = Area(D).

This is because the integral is the volume above D and below 1 which is Area(D)-1.
If m < f < M then it follows that mArea(D) < [, f dA < MArea(D) which can
be used to estimate the integral.



