Lecture 26: Tripple Integrals. We now want to define the integral of a function
f over a rectangular box B = {(z,y,2);a <z <b,c<y<d,r <z <s} We
divde B into smaller boxes Bjjxr = [zi—1,%i] X [y;j—1,Y;] X [2k—1, 2] by dividing the
interval [a, b] into £ subintervals of length Az, [¢,d] into m subintervals of length
Ay and [r, s] into n subintervals of length Az. Then we form the Riemann sum

£ m n
(15.7.1) ZZZf(xfjk,yfjkazfjk)AV
=1 j=1 k=1

where (:vfjk,y;‘jk, zZ*Jk) is a sample point in B;j; and AV = Az Ay Az. We then
define the integral to be the limit of the Riemann sum:

L m n
(15.7.2) ///Bf(m,y,z)dee lim ZZZf(xfjkay;}kazfjk)AV

, M, N—>00 £ N
1=1 3=1k=1

As for the case of two variables we can write it as iterated integrals (Fubini):

(15.7.3) ///B f(:c,y,z)de/Ts/cd/abf(a:,y,z)dxdydz

or one can integrate the different variables in any other order.
Ex. Let B={(z,y,2); 1 <2<2,0<y<1,1<2z<2}. Find [[[52%yzdV.

Sol. fffB z2yzdV = ff ff fol 22yzdydzdxr = ...

As for double integrals we define the integral of f over a more general bounded
region F by finding a large box B containing E and integrating the function that
is equal to f in E and 0 outside E over the lager box B.

We now restrict our attention to some special regions. First let us consider a
region of type 1:

(15.7.4) E={(z,y,2); (z,y) € D, u1(z,y) < z < uz(z,y)}

where D is the projection of E onto the z-y plane. Then

(15.7.5) / / /B Fz,y, ) dV = / /D ( /u T:::)f(x,y,z) dz)dA

In particular if D is a region of type I in the plane then
(15.7.6) F={(z.y,2)ia <z <b, g1() <y < ga(0), wi(.y) < 2 < ua(, )}

and

b rg2(z) uz(z,y)
(15.7.7) /// flz,y,2)dV :/ / / f(z,y,2)dzdydz
B a Jgi(z) Jui(z,y)

Note also that one can find the volume by using tripple integrals

(15.7.8) Volume(E) = / / /E 1dv
1



2

Ex. Let E={(z,y,2); £ >0,y >0, 2> 0, £+ 2y + 3z < 1}. Find the volume of E
Sol. E = {(,9,2);0<2<1,0<y<(1-2)/2,0<2< (1 —x—2y)/3} s0

1 p(l—z)/2 p(l—z—2y)/3
V:/// 1dV:/ / / dzdydr = ...
E 0 0 0

Region of type 2: If E = {(z,y, 2); (v,2) € D, u1(y,2) < z < u2(y, 2)}. then

(15.7.5) / / F(z,y,2)dV = / / /uu(:y)) acy,z)dac)dA

Region of type 3: If E = {(z,y, 2); (z,2) € D, u1(z,2) <z < uz(x,z)} then

(15.7.5) / / NOTLE / /D ( /u u(()) Fly.2) dy)dA

Ex. Evaluate [[[,v2?+ 22dV where E is the region bounded by y = z? + 22
and the plane y = 4.
Sol. E = {(z,y,2); (z,2) € D, x?> + 2*> < y < 4}, where D = {(z, 2); z% + 2> < 4}.

/// Va2 4+ 22dV = /// Va2 + 22dydA = // \/$2+z2dA
12422
Introducing poolar coordinates in the x-z plane: £ = rcosf, z = rsinf gives that

the integral is:
27
128
/ / —r)rrdrdd = ... = n



