Little Midterm 1: Solutions April 26, 2002

1. Consider the curve defined parametrically by the equations
z(t)=1—1> yt)=2>+1
for 0 <t <1.

(a) (10 pts.) Calculate the area between the curve and the z-axis.

Area = /ﬁ () (1) dt

0 0 4 0
= / (2t° + 1)(—2¢) dt = / (—4t* —2t) dt _3t5 —¢? = 9/5
1 1

Notice that the lower limit of the integral corresponds to the leftmost point on the curve
and the upper limit corresponds to the rightmost point on the curve.

(b) (10 pts.) Calculate the length of the curve.

Length = / VIE ()2 + [y (1)]? dt
1 1
= / V[—2t)% + [6t%]? dt = / VAt? + 36t dt = / 2t/ 1 + 912 dt
0 0

0

Using the substitution u = 1 4+ 9¢2, we see that
/ 21+ 982 dt = —(1+ 9t2)3/2‘0 27(103/2 —1)
0

2. Consider the curve defined parametrically by the equations
z(0) =20 —nsinf  y(0) =2 —mwcosb
for —m <6 <.

(a) (10 pts.) Find the point where the curve intersects itself.

Using the table to the right, we see that 6 z(0) | y(0)
the curve intersects itself at the point (0, 2), - | =27 | 2+
corresponding to 8 = +7/2. —7m/2| O 2

0 0 2—m
/2 0 2
T 2 |2+ W

(b) (10 pts.) Write down the equation for each line tangent to the curve at the point you
found in part (a).
The slope of the tangent line is given by 3/(0)/2'(0) where z'(6) = 2 — wcosf and
y'(8) = wsinf. For 6 = 7/2, the slope of the tangent line is 7/2 and the equation of the
tangent line is y = L +2. For § = —7/2, the slope of the tangent line is —7/2 and the
equation of the tangent line is y = — 5z + 2.
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3. (a)

(10 pts.) Find the equation of the plane which goes through the points (1,1, —1), (0,1,0)
and (1,-1,0).

Let u = (—1,0,1) be the vector that goes from (1,1, —-1) to (0,1,0). Let v = (1,—2,0)
be the vector that goes from (0,1,0) to (1,—1,0). Since u x v = (2,1,2) is orthogonal
to the plane, the equation of the plane is of the form

2r+y+ 2z =d.
To solve for d, plug in any one of the three points given. Using the point (0,1,0), we

see that d = 1.

(10 pts.) Compute the perpendicular distance from the point (1,1,1) to the plane
described in part (a).

Let w be a vector that goes from any point on the plane to the point (1,1,1). Using the
point (1,1,—-1), w = (0,0,2). Therefore the perpendicular distance is given by

\(uxv)-w|_ 4 43
luxv| — VA+1+4

where u and v are the same as in the solution to part (a).

4. Let A= (2,1,—1), B = (3,0,-2), C = (3,2,1), and D = (2,0, 1).

(a)

(b)

(10 pts.) Find the area of the parallelogram that has AB and AC as adjacent sides.

Let u = (1,—1,—1) be the vector from A to B and let v = (1,1,2) be the vector from
A to C. Therefore

Area = u x o] = |(~1,-3,2)| = VIT 9+ 4= VId.

(10 pts.) Find the volume of the parallelepiped that has edges AB, AC, and AD.
Let w = (—4,—1,2) be the vector from A to D. Therefore

Volume = |(u x v) - w| = [(—1,-3,2) - (—4,—1,2)| = |4+ 3 + 4| = 11.
where u and v are the same as in the solution to part (a).
(10 pts.) Find a unit vector which is orthogonal to (1, —1,—1) and (1,1, 2).
Notice that these are exactly the vectors used to answer part (a) of the previous question.
Thus, we will start with the vector (—1, —3,2). To create a unit vector, we simply divide

(—1,-3,2) by it’s length, which was also computed in the previous question. Therefore

ﬁ(—l, —3,2) is a unit vector orthogonal to both (1,—1,—1) and (1,1, 2).

(10 pts.) Find the line of intersection of the two planes
rT—y—2=2 zx4+y+2z=-2

Notice that the point (0, —2,0) lies on both planes. Also note that the normal vectors
of the two planes are precisely the vectors from part (a). Therefore the direction of the
line is parallel to the vector (—1,—3,2) and the line of intersection is given by :

z(t) = —t y(t) = -2 -3t z(t) =2t

ii



