First order linear eq. y' +p(t)y= g(t).

Multiply by the integrating factor p = e /P 9 to get 7 (yu) =ug and integrate.
Separable eq. f(y)dy/dz = g(x)

Formally multiply by dz: f(y)dy = g(x) dz and integrate [ f(y)dy = [ g(x) d.

Autonomous eq. ¥y = f(y). Equilibrium points: f(z) = 0.
Stable if lim;_, o, y(t) = z for y(0) sufficiently close to z. Unstable otherwise.

Second order linear eq. with const. coeff. Homogeneous: ay”+ by'+ cy =0.
Characteristic equation ar® + br+c¢ = (r —r1)(r —r9) =0

Distinct roots 71 and 9. Then y = c1e”'? + cpe™™?.

Complex conjugate roots r1, 7o = A % iu. Then y = Ae* cos (ut) + Be* sin (ut).
Repeated roots 7y = 5. Then y = cie”? + cote™?.

Undetermined coefficients To find a solution to ay” + by’ + cy =g(t) try with:
g(t) = aot" + ... + an, y(t) =t°(Apt" + ... + Ay)
g(t) = (apt™ + ... + a)e™, y(t) = t5(Apt" + ... + A,)e™
g(t) = (agt™ + ... + a,)e™ cos Bt y(t) = t°(Aot™ + ... + Ap)e™ cos it
+(bot™ + ... + by, )e™ sin Bt, + t5(Bot™ + ... + B,,)e* sin Bt

where s=0,1,2 is the smallest integer so y is not a solution to the homogeneous eq.

Laplace transform L{f(t)} = F(s) = /oo e SF(t)dt

Jo
LLf(t)} = sF(s) " £(0), L{f"(t)} = s*F(s) — sf(0) — f'(0),
d
LD TWO) = SRGs), L) = Fls - b)
1
aty __ at] __
L{e }_s—a’ L{te }_((9—(1,)2
L{e sinbt} = # L{e cosbt} = S A when s > a.
(s —a)?+ b’ (s —a)?+b?’
Partial fractions Multiply up and equate the coefficients:
a1+k31+k+---+ao _ b18—2b02+ c1 T Ck .
((s—a)2+b2)(s—7r)k (s—a)>+b? s—r (s —r)

First order linear systems: Homgeneous

!/
T, = a11T1 + a12T
1 1141 1242 / Tr1 a11 412
/ < X' = Ax, where x = , A=
To = (2171 + Q2272 a21 022

i1 — T 12

Characteristic eq. det(A—rl)= . . .
21 OG22 —

(r—ry)(r—rqg)=0.

. (4)
Eigenvectors, for i=1,2: Ax® =r;x(®) < (A—r; I)x() = {011 T 412 } {T%Z)} = [0}
azt  a22—"i | |z, 0

_ .2 _
=71°—(a11+ a22)r + a11022— A12021 =

Distinct roots: x = c1e™t x(1) 4 cyer2t x(2),

Complex conjugate roots use e(A+#)? = e (cos ut & isin put) to get in real form.
Repeated roots: (i) If there are two nonparallel eigenvectors: x = cye”* x(1) 4-cyem?t x(2),
(ii) If only one eigenvector x( solve (A—r 1)y = x(1; x = cre™*x(D eyt (1xV 4y).

Undetermined coefficients Same as for second order eq. above but with the con-
stants ag, Ag etc. replaced by constant vectors.



