Lecture 10: 2.3 More models.

Model III: Mixing of chemicals. Suppose a time ¢ = 0 a tank contains Qg 1b
of salt dissolved in 100 gal of water. Assume that water containing i Ib of salt/gal
is entering the tank at a rate of r gal/min, and that the well-stirred mixture is
draining from the tank at the same rate. Find the amount of salt Q(¢) in the tank
at any time ¢ and the limiting amount (), as t — oc.

The rate of change of the amount of salt is equal to the rate of salt in minus the
rate of salt out. The rate of salt in is 7 1b/gal times the rate of water in r gal/min
and the rate of salt out is the concentration of salt in the tank, Q(t)/100 1b/gal
times the rate of water out r gal/min:
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We want to solve this differential equation with initial condition Q(0) = Q. Mul-
tiplying both sides of
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by the integrating factor
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makes the left the derivative of a product:
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If we take the antiderivative we obtain
Q(t)ert/loo — 25e"t/100 4
i.e.
Q(t) = 25 + Ce~"t/100

And solving for the initial condition Qo = Q(0) = 25+ C so C' = Qg — 25 and hence
(2.3.3) Q(t) = 25+ (Qq — 25)e~"/100
It in particular follows from this that

lim Q(t) = 25

t—o0

no matter what )g is. This is however not so surprising since a limiting concen-
tration in the container of 25 1b/100 gal, i.e. i Ib/gal, is exactly the concentration
of salt in the incoming water. Our physical intuition tells us that eventually the
concentration in the container ought to approach that of the incoming flow.
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Model 1V: Compound Interest. Suppose that a sum of money is deposited in a
bank account that pays interest at annual rate r. The value S(t) of the investment
at time ¢ depends on how often the interest is compounded as well as the rate. If
the interest is compounded once a year then then the change is

S(k+1) — S(k) = rS(k)

or

Sk+1)=SkE)(1+7r)=Sk—-1)(1+r)?

and if we repeat it ¢ times we get
(2.3.5) St) = (1+7)"S(0)

On the other hand if the interest is assumed to be compounded continuously then
we get the differential equation:

(2.3.6) %S(t) = rS(t)

If we instead assume (2.3.6) we get

(2.3.7) S(t) = S(0)e"™ = S(0)(e")

As it turns out when r is small and ¢ is bounded then by using Taylor series
e ~1+r

which is why (2.3.7) is a good approximation to (2.3.6).

Ex Ms Doe retired yesterday. Her IRA account has a principal of $450,000 which
gives an annual interested rate of 5.25% compounded continuously. Her budget calls
for anneual expenses of $25, 000, with projected inflation of 2.5%. The differential
equation giving her savings is:

d
d—@t/ = 0.0525y — 20000¢°9%% 4(0) = 450000

which has the solution
Y = 73000060.025t - 28000060.0525t

Model V: Cooling. A hot object with temperature T is left to cool down in
a room with temperature A. Newton’s law of cooling states that the change in
temperature is negatively proportional to the temperature difference between the
object and the surroundings:

dT

== k(T = A)



Model I modified Falling body. As it turns out, a more realistic model of the
air resistance for a falling body is that instead of —yv the force is —kv?:

dv 9
m— =mg — kv
a Y
As for the simpler linear model discussed earlier the velocity v, when the right
hand side vanishes mg — kv2, = 0 corresponds to a stable equilibrium. In fact for
some realistic values of the parameters the ode becomes

d
d_: =98 9.8-10 %2, v(0) =0

which can be solved using separation of variables:

dv

— — =98-10"%dt
1002 — 92
and partial fractions
1 d d
( v ) —9.8-10 dt
200\100 —v 100+ wv

where C' = 0 since all the other terms vanish when we put in ¢t = 0 and use that
v(0) = 0. Hence

100
In |2V 0.0196¢
100 — v
10060'0196t -1
v =

e0-0196¢ +1

Hence
lim v(t) = 100 = vy

t— o0



