
Le
ture 12: 2.7 Numeri
al Approximation: Euler's method. Most di�er-ential equations of the form(2.7.1) dydt = f(t; y); y(t0) = y0
an not be solved analyti
ally. Only in spe
ial 
ases like the linear 
ase or the sep-arable 
ase 
an we obtain an expli
it formula for the solution in terms of integrals.Still we know from the existen
e theorem that there is a solution for some time.We have already seen that we 
an get some information about how the solutionlooks like from the dire
tion �eld: Given a graph of the dire
tion �eld we 
an try toplot a solution 
urve that is always tangential to the dire
tion �eld. However, thismethod is not very exa
t sin
e the dire
tion �eld is only plotted at a few point andthe 
urve we try to plot might not pass 
lose to these points. There is however, amore quantitative numeri
al version of this method, 
alled Euler's method orthe tangent line method:Let us 
onsider how we might approximate a solution 
urve y = �(t) of (2.7.1),near t = t0. We know that the solution 
urve passes through the point (t0; y0) inthe t�y plane and, from (2.7.1) we also know the slop at this point f(t0; y0). Thuswe 
an write down an equation for the tangent line to the solution 
urve at (t0; y0):(2.7.2) y = y0 + f(t0; y0)(t� t0)The tangent line is a good approximation to the solution 
urve on a short timeinterval. Thus if t1 is 
lose enough to t0 we 
an approximate �(t1) by(2.7.3) y1 = y0 + f(t0; y0)(t1 � t0)To pro
eed further we 
an repeat the pro
ess. Unfortunately, we do not know thevalue �(t1) of the solution at time t1. The best we 
an do is to use the approximationy1 instead. Thus we 
onstru
t a line through (t1; y1) with slope f(t1; y1):(2.7.3) y = y1 + f(t1; y1)(t� t1)and we approximate �(t2) at a nearby point t2 by(2.7.4) y2 = y1 + f(t1; y1)(t2 � t1):Continuing in this manor we de�neyn+1 = yn + f(tn; yn)(tn+1 � tn)Finally, if we assume that we always take the same small step h in the time dire
tion:(2.7.5) yn+1 = yn + f(tn; yn)h; tn+1 = tn + hThe values yn are approximations for �(tn), the value of the true solution at thetimes tn. We 
an then approximate the solution 
urve �(t) by the polygonal
urve 
onsisting of the line segments between the points (tn; yn) and (tn+1; yn+1),for n = 0; :::. This polygonal 
urve is not exa
tly the solution 
urve but the hopeis that it will 
onverge to it as the time step size h! 0.1



2Ex Use Euler's method to approximately �nd the value y(1) of the solution ofdydt = y; y(0) = 1Use the step size h = 1=m, and determine how the error de
reases with h (the truesolution is e1 � 2:7183)Sol The general formula is that(2.7.6) yn+1 = yn + ynh = yn(1 + h); tn+1 = tn + h; t0 = 0; y0 = 1and hen
e(2.7.7) yn = (1 + h)n; tn = nhIf we pi
k the step size h = 1=m thenym = (1 + 1=m)m; tm = m � 1=m = 1We know that (1 + 1=m)m ! e; m!1so we expe
t it to be a good approximation for small step size. If we put m = 2k,k = 6; 7; 8 we get(1 + 1=64)64 � 2:6973::; (1 + 1=128)128 � 2:7077:::; (1 + 1=256)256 � 2:71230::The error is hen
e in the three 
ases0:024:::; 0:010:::; 0:005:::One 
an a
tually 
he
k that the error is linear in h i.e. proportional to h, in fa
tsin
e 1=256 � 4=1000 = 0:0025 we see that the error is approximately 2h. It isa
tually true in general for Euler's method that the error is linear in h.Note that in general it is not as easy as above to 
al
ulate the numeri
al approxi-mation and (2.7.6) does not simplify to something as simple as (2.7.7) but one hasto 
al
ulate ea
h step individually. The example above was just meant to illustratethat the method works.



32.8 The existen
e and uniqueness theorem and Pi
ard's iteration s
heme.As pointed out earlier, most di�erential equations of the form(2.8.1) dydt = f(t; y); y(t0) = y0
an not be solved analyti
ally. Only in spe
ial 
ases like the linear 
ase or the sep-arable 
ase 
an we obtain an expli
it formula for the solution in terms of integrals.In general we 
an however say that there is a lo
al solution in some time intervalt0 � h < t < t0 + h. In the proof of this one iteratively 
onstru
ts a sequen
e offun
tion and show that the sequen
e 
onverges to a solution. This is 
alled Pi-
ard's iteration or method of su

essive approximation. Let us �rst rewrite(2.8.1) as an integral equation by integrating it:(2.8.1) y(t) = Z tt0 f(s; y(s)) ds+ y0It looks like we solved the problem but noti
e that the unknown fun
tion y is inthe integral in the right hand side so we 
an not 
al
ulate it exa
tly without theknowledge of y(t). Therefore we make a su

essive approximation, starting with y0and de�ning(2.8.2) yn+1 = Z tt0 f(s; yn(s)) ds+ y0; n � 0:The hope is that the fun
tions yn(t) will 
onverge to a fun
tion y(t) that is asolution of (2.8.1).Ex Use Pi
ard iteration to �nd the solution ofdydt = y; y(0) = y0Sol Let y0 = 1 and yt = 1+ Z t0 1 ds = 1 + tand y2(t) = 1 + Z t0 (1 + s) ds = 1 + t+ t22and so on, in general we obtain:y3(t) = 1 + Z t0 �1 + s+ s22 � ds = 1+ t+ t22 + t33 � 2In general we obtain yn(t) = 1 + t22 + t33 � 2 + :::+ tnn!Using the ratio test we 
an prove that this 
onverges as n!1:y(t) = 1Xk=0 tkk!whi
h of 
ourse is just the Taylor series for the exponential fun
tion et.


