
Le
ture 13: 3.1-3.2: Se
ond order linear di�erential equations. We arenow going to study the initial value problem for se
ond order linear di�erentialequations:(3.1.1) y00 + p (t) y0 + q(t) y = g(t); y(t0) = y0; y0(t0) = y0Su
h equations are likely to show up in physi
s sin
e Newton's se
ond law: F = matalks about the a

eleration a of a parti
le, whi
h is the �rst order derivative of thevelo
ity v but the se
ond order derivative of the position x:ma = mdvdt = md2xdt2 = FIn the previous example with the falling body it was suÆ
ient to just look at theequation for the velo
ity sin
e the for
e only depended on the velo
ity: F = F (v).However, in general if the for
e also depends on the position F = F (x; v) then thea

eleration has to be thought of as the se
ond order derivative of the velo
ity.An example is that of a weight with mass m hanging in a spring. If y is thedispla
ement from the equilibrium position then the for
e from the spring a
tingon the mass is �ky, where k > 0 is 
alled the spring 
onstant. By Newton's se
ondlaw, ma = F , we get my00 = �ky or(3.1.2) my00 + k y = 0;Let us also remark that to 
ompletely determine he solution of a se
ond orderequation we must give initial data for both the fun
tion and its derivative. In fa
tour physi
al experien
e tells us that in order to determine the path of a parti
le wemust give both its initial position and initial velo
ity.We will fo
us our attentions on homogeneous equations with 
onstant 
oeÆ
ients:(3.1.3) a y00 + b y0 + 
 y = 0;where a, b and 
 are 
onstant, partly be
ause there are many examples from physi
sof this form su
h as (3.1.2) and partly be
ause this is the 
ase for whi
h we will beable to �nd an expli
it expression for the solution.Based on the fa
t the general �rst order equation with 
onstant 
oeÆ
ientsdydt = ryhas a general solution of the form y = Cert;we guess that the general equation (3.1.3) might have a solution of the formy = ertfor some r to be determined. If we substitute y = ert into (3.1.3) and use thatddt ert = rert; d2dt2 ert = r2ert1



2we get a y00 + b y0 + 
 y = ar2ert + brert + 
ert = (ar2 + br + 
)ert = 0;if r satis�es the so 
alled 
hara
teristi
 equation(3.1.4) ar2 + br + 
 = 0We have hen
e shown that if r is a root of (3.1.4) then y = ert satis�es (3.1.3).Sin
e, in general the se
ond degree polynomial (3.1.4) has two roots r1; r2 we infa
t have found two solutions to (3.1.3), er1t and er2t, if r1 6= r2.However, sin
e for a linear equation also a 
onstant times a solution is a solutionand the sum of tow solutions is a solution it follows that(3.1.5) y = 
1er1t + 
2er2talso is a solution. In fa
t, if y1 and y2 are two solutions to (3.1.3) then so isy = 
1y1 + 
2y2, sin
ead2ydt2 + bdydt + 
y = a
1 d2y1dt2 + a
2 d2y2dt2 + b
1 dy1dt + b
2 dy2dt + 

1y1 + 

2y2= 
1�ad2y1dt2 + bdy1dt + 
y1�+ 
2�ad2y2dt2 + bdy3dt + 
y4� = 0If r1 6= r2 and they are both real (3.1.5) turns out to be the general solution of(3.1.3), i.e. any solution is of this form.Ex Find the general solution to(3.1.6) y00 + 3y0 + 2y = 0Sol The 
harateristi
 equation is r2 + 3r + 2 = (r + 2)(r + 1), so the roots arer1 = �1 and r2 = �2. Hen
e the general solution is(3.1.7) y = 
1e�t + 
2e�2t:Ex Find the solution to the initial value problem(3.1.8) y00 + 3y0 + 2y = 0; y(0) = 1; y0(0) = 4:Sol We already showed that the general solution is given by (3.1.7) and we nowhave to show that we 
an determine the 
onstants 
1 and 
2 in (3.1.7) so the initial
onditions in (3.1.8) are satis�ed. If y is given by (3.1.7) theny0(t) = �
1e�t � 2
2e�2tand hen
e we must solvey(0) = 
1 + 
2 = 1; y0(0) = �
1 � 2
2 = 4Adding the two equations together we get �
2 = 5 so 
2 = �5 and 
1 = 6. Hen
ethe solution to (3.1.6) is y = 6e�t � 5e�2t:In a similar way one 
an show that in general when r1 6= r2 and both are real we
an 
hoose the 
onstants 
1 and 
2 so (3.1.5) satis�es any initial 
ondition:(3.1.9) y(t0) = y0; y0(t0) = y1In fa
t it follows from (3.2.5) thaty(0) = 
1 + 
2 = y0; y0(0) = r1
1 + r2
2 = y1and it is easy to see that this system in general has a solution if r1 6= r2.



33.2 Fundamental Solutions of linear homogeneous equations. Let us �rststate the existen
e theorem:Th Suppose that p, q and g are 
ontinuous. Then the initial value problem:(3.2.1) y00 + p (t)y0 + q(t)y = g(t); y(0) = y0; y0(0) = y1;has a unique solution y = �(t).The proof basi
ally redu
es to the same proof as for the �rst order di�erentialequation by rewriting it as a system. If we putz = y0; z0 = y00 = �p (t)y0 � q(t)y + g(t) = �p(t)z � q(t)y + g(t)we get a �rst order system for (y; z):y0 = z; y(0) = y0z0 = �p (t)z � q(t)y � g(t); z(0) = y1


