
Le
ture 14: 3.2 Fundamental Solutions of linear homogeneous equa-tions. Most of what we will do in this 
hapter 
on
erns linear se
ond order di�er-ential equations with 
onstant 
oeÆ
ients. However, the results in this se
tion alsoholds for variable 
oeÆ
ients. Let us �rst re
all the existen
e theorem:Th 1 Suppose that p, q and g are 
ontinuous. Then the di�erential equation(3.2.1) y00 + p (t) y0 + q(t) y = 0has a unique solution satisfying(3.2.2) y(t0) = y0; y0(t0) = y1;As was mentioned in last le
ture proof basi
ally redu
es to the same proof as forthe �rst order di�erential equation by rewriting it as a system for the ve
tor (y; y0).We also proved the superposition prin
iple for linear equations in last le
ture:Th 2 If y1 and y2 are solutions to (3.2.1) then so is(3.2.3) y = 
1y1 + 
2y2Basi
ally, this se
tion is about �nding a 
ondition on y1 and y2 that guarantee thatall solutions are of the form y = 
1y1 + 
2y2 for some 
onstants 
1 and 
2.We therefore de�ne the Wronskian determinant of two solution by:(3.2.4) W = y1y02 � y01y2Th 3 If W(t0) 6=0 then one 
an �nd 
1 and 
2 su
h that (3.2.3) satis�es (3.2.2).Proof of Th 3 We must solve the following system for the unknowns 
1 and 
2:(3.2.5) 
1y1(t0) + 
2y2(t0) = y0
1y01(t0) + 
2y02(t0) = y1Ea
h equation represent a line in the (
1; 
2) plane and the system 
an be solvedas long as the lines interse
t and are not parallel. This happens when the ve
tors(y1(t0); y2(t0)) and (y01(t0); y02(t0)) are not parallel, whi
h is the 
ase if (3.2.4) isdi�erent from 0 at t0.
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23.4: Complex roots. In this 
hapter we want to solve the equation(3.4.1) ay00 + by0 + 
y = 0where a; b; 
 are real 
onstants. We saw that y = ert is a solution to the equationif r is a root of the 
hara
teristi
 equation:(3.4.2) ar2 + br + 
 = 0Let r1 and r2 be the roots of (3.4.2). In se
tion 3.1 we saw that if r1 6= r2 and theyare both real the general solution of (3.4.1) is in fa
t of the form y = 
1er1t+ 
2er2tfor some 
onstants 
1 and 
2. We will now 
onsider the 
ase of 
omplex rootsand sin
e a; b; 
 are real it is well-known that that 
omplex roots 
ome in 
omplex
onjugate pairs so unless r1 and r2 both are real they must be of the form(3.4.3) r1 = �+ i�; r2 = �� i�; i = p�1Analogous to the real 
ase we hope that we get to solutions of the form(3.4.4) z1 = er1t; z2 = er2tHowever, we don't even know what ez is supposed to mean when z is 
omplex. Toget a 
lue we must ask what it is when z is real. One expression is the Taylor series(3.4.5) ez = 1Xk=0 zkk!This makes sense also when z is 
omplex sin
e we de�ned how to multiply and add
omplex numbers and sin
e the sum is absolutely 
onvergent. However, if we wereto use (3.4.5) as a de�nition we must prove that ez1+z2 = ez1ez2 also for 
omplexnumbers z1 and z2 and showing that we get the series for the sum when we multiplytogether the series would involve proving some 
ombinatorial identities. Instead weuse (3.4.5) to get an expression we take as de�nition. By (3.4.5);ei� =X (i�)kk! =X (�1)n�2n(2n)! + iX (�1)n�1�2n�1(2n� 1)!But the two series are the Taylor series for 
os� respe
tively sin� so we getei� = 
os�+ i sin�:Sin
e we want the produ
t rule e�+i� = e�ei� to hold we de�nee�+i� = e�(
os�+ i sin�)for any 
omplex number �+ i� and hen
e also for any tert = e(�+i�)t = e�t� 
os (�t) + i sin (�t)�; r = �+ i�



3With this de�nition it follows from di�erentiation that also for 
omplex rddt ert = r ertSin
e this was the rule used to prove that (3.4.4) are solutions of (3.4.1) when(3.4.3) are the roots of (3.4.2) it follows that indeed (3.4.4) are solutions to (3.4.1)also when r1 and r2 are 
omplex roots of the 
hara
teristi
 polynomial.We have now found two solution to (3.4.1)(3.4.5) z1 = e�t� 
os (�t) + i sin (�t)�; z2 = e�t� 
os (�t)� i sin (�t)�In fa
t the expression for z2 follows from the one for z1 by repla
ing � by �� andusing that 
os (��t) = 
os (�t) and sin (��t) = � sin (�t). There is however oneremaining problem whi
h is that (3.4.5) are 
omplex but we expe
t the solutionsto (3.4.1) to 
orrespond to some real physi
al quantity. However(3.4.6) y1 = z1 + z22 = e�t 
os (�t); y2 = z1 � z22i = e�t sin (�t)are real solutions to (3.4.1). We 
an now if we want forget the derivation of thesesolutions using 
omplex numbers and instead just 
he
k that they are solutions.We 
laim that the general solution of (3.4.1) is of the formy = 
1y1 + 
2y2In fa
t, by se
tion 3.2 we only need to 
he
k that the Wronskian is non-vanishingW = y1y02 � y01y2 = e�t 
os (�t)e�t�� 
os (�t) + � sin (�t)��e�t��� sin (�t)+� 
os (�t)�e�t sin (�t) = e2�t� 
os2 (�t)+sin2 (�t)� = e2�t 6=0Ex Find all solutions to the equationy00 + 2y0 + 5y = 0Sol The 
hara
teristi
 polynomial isr2 + 2r + 5 = (r + 1 + 2i)(r + 1� 2i)with roots r1 = �1 + 2i and r2 = �1� 2i so the general solution isy = 
1e�t 
os (2t) + 
2e�t sin (2t)


