Lecture 16: 3.7: Nonhomogeneous equation, variation of parameters.

We will now give a general method for finding particular solutions for second order
linear differential equations that in principle works for any nonhomogeneous term.
Let us first illustrate the idea behind the method by looking at a first order equation:

(3.7.1) y' +p(t)y = g(t).
Let y; be a solution to the corresponding homogeneous equation and set
y=uyy,  where y;+p(t)y; =0,
and u is a function to be determined. Then y is a solution of (3.7.1) if
y' o)y =u'yr +ulyi + pt)y1) = w'yr = g(t),

ie. ifu' = yl_lg or if we integrate

u:/yl_lgdt.

This idea, called variation of parameters, works also for second order equations:

(3.7.2) y' +p(t)y +a(t)y = g(t)
Let y; and y, be independent solutions to the homogeneous equation (3.7.2) with
g = 0 and set
(3.7.3) Y = ury1 + uzy2
where u, and wus are functions to be determined. There are many possible choices
and since it is two functions we need two equations to determine them. We have
y' = uiyr + upys + uryy + uayy
The first equation we choose is
(3.7.4) uiy1 + uzys =0
so that
y' = u1yl + uays
and so that

/

y" = uyyy + upys + uryy + uays
does not contain second order derivatives of u; and wuy. Substituting these expres-
sions in (3.7.2) gives

y" +py +qy = ui (v + pyi +ayr) +ua (Y + pys + qye) + uiyt + ubys =g
Since y; and yy are solutions of the homogeneous equations the parentheses vanish
and hence we must have
(3.7.5.) u YL+ usyy =g

The system of two equations (3.7.4)-(3.7.5) for the two unknown u} and uj can now
be solve and the solution is

Y2 g Y19
3.7.6) u=-——929 _4g
(B76) v == S Wys9)

These equations can then in principle be integrated to get u; and us and then we
get a particular solution y to (3.7.2) from (3.7.3).
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Ex Use variations of parameters to find a particular solution to
(3.7.7) Yy —y —2y=2e""

Sol First we need to find polynomial is 72 —r — 2 = (r + 1)(r — 2) so the general
solution to the homogeneous equation is c1y; + cays where y; = e~ and yo = e?!.
We are therefore seeking a solution to the inhomogeneous equation of the form

Yy = ule*t + uze%

Then
Y = u’le n uéezt —ujet + Quge?
and if require that
(3.7.8) uhe ™ 4+ upe? =0
we get
y = —uje t 4 2U2€2t
and hence
T —u'le + 2u' 2 4 et + duge®.

Substituting into (3.7.7) gives

y' —y =2y =uy(et +e Tt —2e7h) +up(4e® —2e* — 2e) — et + 2uhe® = 2e7?
or

(3.7.9) —ule "t 4 2uhe?t = 2

The system (3.7.8)-(3.7.9) can easily be solved. Adding the equations together gives
Sube?t = 2e~t so uby, = 2e73%/3 and substituting this into (3.7.8) gives u}j = —2/3.
Integrating these equations gives u; = —2t/3 + ¢; and ug = —26_3t/9 + ¢5. Hence
y=(—2t/3+c1)e "+ (—2e%/9+c2))e*
is a particular solution. We can in particular choose ¢; = ¢o = 0 in which case
2. 4 2

This is a perfectly correct answer. However, we can still find a simpler solution
by noting that the last part in fact is a solution of the homogeneous equation and
adding a homogeneous solution to a particular solution just gives another particular
solution. Therefore we only need the first part.

Ex Use the method of undetermined coefficients to find a particular solution to

y// . y/ o 2y — 26715
Sol The first attempt would be to try Ae—*. However since by the previous example
e~ is a solution of the homogeneous equation this would just produce 0. Therefore
we try y = Ate™t. Then ¢y’ = Ae™? — Ate™" and vy = —2A4e~t + Ate™t. Hence
y' —y —2y=—24e "+ Ate ' — Ae ' + Ate t — 2Ate ' = —34e "t =2e?

if A=—2/3s0y= —2te */3 is a particular solution.
We remark that although in this case the method of undetermined coefficients was

shorter, it only works for functions that are combinations of exponentials, sins,
cosines and polynomials. We will now explore yet another general method:



We will now derive what we call the operator factorization method that in
principle gives a particular solution to any second order constant coefficient non-
homogeneous linear differential equation. We write the equation in operator form:

d
(3.7.10) Liyl=ay” +by' +cy = (aD* +bD +c)y = g, D = =
The characteristic polynomial can be factorized ar?+br +c¢ = a(r —ry)(r —r2) and

so can the operator:

Lyl =a(D =r)(D—ra)y =g
This means that finding a solution y to (3.7.10) is equivalent to finding a solution
to the system

(3.7.11) (D—r)z=2 —riz=g,
(3.7.12) (D—r)y=vy —roy=1=2

The first equation (3.7.11) for z can be solved by multiplying by the integrating
factor e~ ™! and integrating which gives

z(t) = /e_“tg(t) dt.

Substituting z(¢) so obtained into the second equation (3.7.12) for y and similarly
multiplying by the integrating factor e "2* and integrating gives

y(t) = / e (1) dt.

Ex Use the operator factorization method above to find a particular solution to
y/l - yl o 2y — 2e—t
Sol The characteristic polynomial is 72 —r — 2 = (r — 2)(r + 1). Hence by (3.7.10)-
(3.7.11):
2 —2z=2", Y +y=-=z

The first equation can be solved by multiplying by the integrating factor e=2*

d
pr (e7%2) = e (2 — 22) = e *2e 7" = 2¢77
and integrating
2
e 2ty = —ge*St +c1
so if we pick ¢ —1 =0
2
z=——e
3
We must finally solve
R
3

Multiplying by integrating factor e gives

d ! 2
—le = e —_
- (e'y) = ety +y) = —3
and integrating gives

And if we pick ¢y = 0 we get



