
Le
ture 16: 3.7: Nonhomogeneous equation, variation of parameters.We will now give a general method for �nding parti
ular solutions for se
ond orderlinear di�erential equations that in prin
iple works for any nonhomogeneous term.Let us �rst illustrate the idea behind the method by looking at a �rst order equation:(3.7.1) y0 + p(t)y = g(t):Let y1 be a solution to the 
orresponding homogeneous equation and sety = uy1; where y01 + p(t)y1 = 0;and u is a fun
tion to be determined. Then y is a solution of (3.7.1) ify0 + p(t)y = u0y1 + u(y01 + p(t)y1) = u0y1 = g(t);i.e. if u0 = y�11 g or if we integrateu = Z y�11 g dt:This idea, 
alled variation of parameters, works also for se
ond order equations:(3.7.2) y00 + p(t)y0 + q(t)y = g(t)Let y1 and y2 be independent solutions to the homogeneous equation (3.7.2) withg � 0 and set(3.7.3) y = u1y1 + u2y2where u1 and u2 are fun
tions to be determined. There are many possible 
hoi
esand sin
e it is two fun
tions we need two equations to determine them. We havey0 = u01y1 + u02y2 + u1y01 + u2y02The �rst equation we 
hoose is(3.7.4) u01y1 + u02y2 = 0so that y0 = u1y01 + u2y02and so that y00 = u01y01 + u02y02 + u1y001 + u2y02does not 
ontain se
ond order derivatives of u1 and u2. Substituting these expres-sions in (3.7.2) givesy00 + py0 + qy = u1�y001 + py01 + qy1�+ u2�y002 + py02 + qy2�+ u01y01 + u02y02 = gSin
e y1 and y2 are solutions of the homogeneous equations the parentheses vanishand hen
e we must have(3.7.5.) u01y01 + u02y02 = gThe system of two equations (3.7.4)-(3.7.5) for the two unknown u01 and u02 
an nowbe solve and the solution is(3.7.6) u01 = � y2 gW (y1; y2) ; u02 = y1 gW (y1; y2) ; W (y1; y2) = y1y02 � y01y2These equations 
an then in prin
iple be integrated to get u1 and u2 and then weget a parti
ular solution y to (3.7.2) from (3.7.3).1



2Ex Use variations of parameters to �nd a parti
ular solution to(3.7.7) y00 � y0 � 2y = 2e�tSol First we need to �nd polynomial is r2 � r � 2 = (r + 1)(r � 2) so the generalsolution to the homogeneous equation is 
1y1 + 
2y2 where y1 = e�t and y2 = e2t.We are therefore seeking a solution to the inhomogeneous equation of the formy = u1e�t + u2e2tThen y0 = u01e�t + u02e2t � u1e�t + 2u2e2tand if require that(3.7.8) u01e�t + u02e2t = 0we get y0 = �u1e�t + 2u2e2tand hen
e y00 = �u01e�t + 2u02e2t + u1e�t + 4u2e2t:Substituting into (3.7.7) givesy00� y0�2y = u1(e�t+ e�t�2e�t)+u2(4e2t�2e2t�2e2t)�u01e�t+2u02e2t = 2e�tor(3.7.9) �u01e�t + 2u02e2t = 2e�tThe system (3.7.8)-(3.7.9) 
an easily be solved. Adding the equations together gives3u02e2t = 2e�t so u02 = 2e�3t=3 and substituting this into (3.7.8) gives u01 = �2=3.Integrating these equations gives u1 = �2t=3 + 
1 and u2 = �2e�3t=9 + 
2. Hen
ey = �� 2t=3 + 
1�e�t + �� 2e�3t=9 + 
2�)e2tis a parti
ular solution. We 
an in parti
ular 
hoose 
1 = 
2 = 0 in whi
h 
asey = �23 t e�t � 29e�tThis is a perfe
tly 
orre
t answer. However, we 
an still �nd a simpler solutionby noting that the last part in fa
t is a solution of the homogeneous equation andadding a homogeneous solution to a parti
ular solution just gives another parti
ularsolution. Therefore we only need the �rst part.Ex Use the method of undetermined 
oeÆ
ients to �nd a parti
ular solution toy00 � y0 � 2y = 2e�tSol The �rst attempt would be to try Ae�t. However sin
e by the previous examplee�t is a solution of the homogeneous equation this would just produ
e 0. Thereforewe try y = Ate�t. Then y0 = Ae�t �Ate�t and y00 = �2Ae�t +Ate�t. Hen
ey00 � y0 � 2y = �2Ae�t +Ate�t �Ae�t + Ate�t � 2Ate�t = �3Ae�t = 2e�tif A = �2=3 so y = �2te�t=3 is a parti
ular solution.We remark that although in this 
ase the method of undetermined 
oeÆ
ients wasshorter, it only works for fun
tions that are 
ombinations of exponentials, sins,
osines and polynomials. We will now explore yet another general method:



3We will now derive what we 
all the operator fa
torization method that inprin
iple gives a parti
ular solution to any se
ond order 
onstant 
oeÆ
ient non-homogeneous linear di�erential equation. We write the equation in operator form:(3.7.10) L[y℄ � ay00 + by0 + 
y = (aD2 + bD + 
)y = g; D = ddtThe 
hara
teristi
 polynomial 
an be fa
torized ar2+ br+ 
 = a(r� r1)(r� r2) andso 
an the operator: L[y℄ = a(D � r1)(D � r2)y = gThis means that �nding a solution y to (3.7.10) is equivalent to �nding a solutionto the system (D � r1)z = z0 � r1z = g;(3.7.11) (D � r2)y = y0 � r2y = z(3.7.12)The �rst equation (3.7.11) for z 
an be solved by multiplying by the integratingfa
tor e�r1t and integrating whi
h givesz(t) = Z e�r1tg(t) dt:Substituting z(t) so obtained into the se
ond equation (3.7.12) for y and similarlymultiplying by the integrating fa
tor e�r2t and integrating givesy(t) = Z e�r2tz(t) dt:Ex Use the operator fa
torization method above to �nd a parti
ular solution toy00 � y0 � 2y = 2e�tSol The 
hara
teristi
 polynomial is r2� r� 2 = (r� 2)(r+1). Hen
e by (3.7.10)-(3.7.11): z0 � 2z = 2e�t; y0 + y = zThe �rst equation 
an be solved by multiplying by the integrating fa
tor e�2tddt�e�2tz� = e�2t(z0 � 2z) = e�2t2e�t = 2e�3tand integrating e�2tz = �23e�3t + 
1so if we pi
k 
� 1 = 0 z = �23e�tWe must �nally solve y0 + y = �23e�tMultiplying by integrating fa
tor et givesddt�ety� = et(y0 + y) = �23and integrating gives ety = �23 t+ 
2And if we pi
k 
2 = 0 we get y = �23 t e�t


