
Le
ture 17: 3.8 Free vibrations.Consider a mass m hanging in a spring. The mass 
auses an elongation L of thespring in the downward (positive) dire
tion. The gravitational for
e mg a
ts down-wards and there is a balan
ing upward for
e Fs, due to the spring. By Hooke's lawFs = �kL, where the 
onstant of proportionality k is 
alled the spring 
onstant. Ifthe mass is in equilibrium, i.e. stati
, then for
e balan
e gives mg � kL = 0.We now want to study the dynami
 problem of he motion of the mass. Let u(t),measured positive downwards, denote the displa
ement of the mass from its equi-librium position, at time t. Then by Newton's se
ond law, the mass times thea

eleration of the mass is equal to total for
e a
ting on the mass:mu00 = mg + Fs + Fd + FHeremg is the gravitational for
e and Fs = �k(L+u) is the spring for
e. Fd = �
u0is a for
e due to damping or fri
tion and F is a possible external for
e. Sin
e wealready 
al
ulated that kL = mg these for
es 
an
el ea
h other and we getmu00 = mg � k(L+ u)� 
u0 + F = �ku� 
u0 + For mu00 + 
u0 + ku = F; k > 0; 
 � 0We furthermore given the mass some initial position and velo
ity:u(0) = u0; u0(0) = v0Let us �rst look on undamped (
 = 0) free (F = 0) vibrations:mu00 + ku = 0The 
hara
teristi
 polynomial is mr2 + k = 0 so r = �!0 i, where !0 =pk=m sou = A 
os!0t+ B sin!0t = R 
os (!0t� Æ);where R=pA2+ B2 is the amplitude and Æ, given by tan Æ=A=B, is a phase fa
tor.Note that the frequen
y !0 and period T = 2�=!0 of the vibration depends onlyon the spring 
onstant and mass but is independent on initial 
onditions.Let us �rst look on damped (
 > 0 free (F = 0) vibrations:mu00 + 
u+ ku = 0The 
hara
teristi
 polynomial is mr2 + 
r + k = 0 with roots:r1; r2 = � 
2m �s 
2(2m)2 � kmIf 
2 < 4k=m then with � =p
2=(2m)2 � k=m we get a damped vibrationu = e�
t=2m�A 
os�t+B sin�t� = Re�
t=2m 
os (�t� Æ);At the 
riti
al damping when 
2 = 4k=m we getu = (A+ Bt)e�
t=2mand when 
2 = 4k=m we get u = Aer1t +Ber2t1



2We get exa
tly the same equation for an ele
tri
 
ir
uit as for a spring. Considerthe RCL-
ir
uit of a resistor R, a 
apa
itor C and an indu
tor L 
oupled in a series
ir
uit with an external voltage sour
e E applied. Then adding up the voltage dropsover the 
omponents we get with Q denoting the 
harge and Q0 = I the 
urrent:LQ00 +RQ0 + 1CQ = E(t)3.9 For
ed vibrations.Let us now 
onsider the 
ase of for
ed undamped vibrations:u00 + k u = F0 
os!tThe general solution is if ! 6= !0 = sqrtk=m:u = 
1 
os!0t+ 
2 sin!0t+ F0m(!20 � !2) 
os!tIn parti
ular if we 
hoose initial 
onditions u(0) = u0(0) = 0 we getu = F0m(!20 � !2)� 
os!t� 
os!0t�This 
an also be written asu = � 2F0m(!20 � !2) sin (!0 � !)t2 � sin (! + !0)t2If ! is very 
lose to !0 then j!�!0j=2 is a small 
ompared to j!+!0j=2 and one 
anthink of the parenthesis as a slowly varying amplitude. This is used for amplitudemodulation radio waves.Note that as ! ! !0 the amplitude be
omes larger and using l'Hospitals rule orthe Taylor series for sin� � �, we get2F0m(!20 � !2) sin (!0 � !)t2 ! F02m!0 t; ! ! !0When ! = !0 we have resonan
e, then the parti
ular solution is no longer givenby the above and instead it isu = 
1 
os!0t+ 
2 sin!0t+ F02m!0 t sin!0tIn this 
ase we 
an put in a 
onstant for
e to a system and the solution builds upover time and be
omes larger and larger.


