
Le
ture 19: 6.1-6.2 The Lapla
e transform.Def The Lapla
e transform of the fun
tion f(t) is the fun
tion F (s) given by(6.1.1) Lff(t)g = F (s) = Z 10 e�stf(t) dt = limT!1 Z T0 e�stf(t) dt;if f is (pie
e wise) 
ontinuous and the limit exist.The Lapla
e transform L :f(t)! F (s) is invertible L�1 :F (s)! f(t), i.e. there isonly one fun
tion that has a given Lapla
e transform. We will see that one 
an usethe Lapla
e transform to transform 
onstant 
oeÆ
ient linear di�erential equationsinto algebrai
 equations, involving the 
hara
teristi
 polynomial, that one 
an easilysolve and then inverse transform to get the solution of the di�erential equation.Ex 1 If f(t) = eat then the Lapla
e transform exist and is equal toLfeatg = Z 10 e�steat dt = 1s� a; when s > aPf As T !1;Z T0 e(a�s)t dt = 1a� se(a�s)t���Tt=0 = 1a� se(a�s)T � 1a� s ! 0� 1a� s ; if s > a:The key to using the Lapla
e transform to solve di�erential equations is the formula:Th 1 Lff 0(t)g = sLff(t)g�f(0); or Z 10 e�stf 0(t) dt = s Z 10 e�stf(t) dt�f(0)valid if the integral on the right is 
onvergent and limT!1 e�sT f(T )=0.Pf Re
all integration by parts (proved by fg��T0 = R T0 (fg)0 dt = R T0 (fg0 + f 0g) dt.)(6.1.2) Z T0 f(t)g0(t) = f(t)g(t)���Tt=0 � Z T0 f 0(t)g(t) dtLff 0(t)g is the limit as T !1 ofZ T0 e�stf 0(t) dt = e�stf(t)���Tt=0 + s Z T0 e�stf(t)dt= e�sT f(T )� f(0) + s Z T0 e�stf(t)dt! s Z 10 e�stf(t)dt� f(0); T !1Ex Find the solution of y0 + 2y = 0, y(0) = 3 using the Lapla
e transform.Sol Let Y (s) = Lfy(t)g. Taking the Lapla
e transform of the equation using theformula in Th 1 we get :Lfy0(t) + 2y(t)g = Lfy0(t)g+ 2Lfy(t)g = sY (s)� y(0) + 2Y (s) = 01



2and sin
e y(0) = 3 we get Y (s) = 3s+ 2We 
an �nd the fun
tion that has this as its Lapla
e transform in Ex 1 with a = �2by taking out the fa
tor 3: y(t) = 3e�2twhi
h we know is the solution.The formula for the se
ond order derivative is:Th 2 Lff 00(t)g = s2Lff(t)g�sf(0)�f 0(0)Pf The proof resembles the proof of Th 2 but use integration by parts (6.1.2) twi
e.Ex Solve the equations y00�y0�2y = 0,with initial 
onditions y(0) = 1, y0(0) = 0.Sol Let Y (s) = Lfy(t)g. Taking the Lapla
e transform of the equation using theformulas in Th 1-2 we get:0 = Lfy00(t)� y0(t)� 2y(t)g = Lfy00(t)g � Lfy0(t)g � 2Lfy(t)g= s2Y (s)�sy(0)�y0(0)��sY (s)�y(0)��2Y (s) = (s2�s�2)Y (s)�(s�1)y(0)�y0(0)Hen
e we also use the initial 
onditions and fa
torize the denominator:Y (s) = (s� 1)y(0) + y0(0)s2 � s� 2 = s� 1(s� 2)(s+ 1)We have now found the Lapla
e transform Y (s) of the solution, but what fun
tiony(t) has this as its Lapla
e transform? Using partial fra
tions we 
an write(6.1.3) s� 1(s� 2)(s+ 1) = As� 2 + Bs+ 1for some 
onstants A and B to be determined. Writing the right hand side on a
ommon denominator we getAs� 2 + Bs+ 1 = A(s+ 1) +B(s� 2)(s� 2)(s+ 1) = (A+ B)s+A� 2B(s� 2)(s+ 1)Hen
e A +B=1 and A�2B=�1, and subtra
ting the se
ond equation from the�rst gives 3B=2 so B=2=3 and plugging this into the �rst equation gives A=1=3.Hen
e Y (s) = 13 1s� 2 + 23 1s+ 1By Ex. 1 this is the Lapla
e transform ofy(t) = 13e2t + 23e�t


