
Math 20D Differential Equations (and Series)Many phenomena in physi
s and engineering are des
ribed by di�erential equa-tions whi
h is the main part of the 
ourse. First we will however learn about series,in parti
ular Taylor series. These are used to approximate fun
tions by polynomials,that are easier to deal with. We will e.g. show thate�x2 = 1� x2 + x42 � x66 + :::: = 1Xk=0 (�x2)kk!Re
all that this fun
tion has no anti-derivative in terms of elementary fun
tions,but we 
an take the anti-derivative of ea
h term and sum up the terms. We 
an alsouse a �nite number of terms in the series to approximately evaluate the fun
tion.Le
tures 1: Se
tion 11.1. An (in�nite) sequen
e is an ordered list of numbersa1; a2; a3; a4; ::: ; an; :::Here a1 is 
alled the �rst term, a2 the se
ond, an the nth term, and so on.The sequen
e fa1; a2; a3; :::g is also denoted by fang or fang1n=1.Ex 1 � nn+ 1�1n=1 ; an = nn+ 1 ; �12 ; 23 ; 34 ; 45 ; :::; nn+ 1 ; :::� :One 
an illustrate a sequen
e either by plotting some terms an on the real line,or by plotting the graph of an as a fun
tion of n, i.e. (n; an) in the plane.It looks like the sequen
e if Ex. 1 approa
hes 1 as n be
omes large, in fa
t:1� nn+ 1 = 1n+ 1
an be made as small as we like by taking n suÆ
iently large. We say that thesequen
e in Ex. 1 has the limit 1 as n tends to in�nity, and we write this aslimn!1 nn+ 1 = 1Def A sequen
e fang has the limit L if we 
an make the terms an as 
lose to L aswe like by taking n suÆ
iently large. In this 
ase we writelimn!1 an = L; or an ! L; as n!1If the limit exist we say that the sequen
e 
onverges, otherwise it diverges.The pre
ise meaning of the de�nition is that L is a the limit, if for every " > 0there is a 
orresponding N su
h thatj an � Lj < "; whenever n > N:The de�nition says that no matter how small an interval (L�"; L+") around Lthere is an N su
h that all terms an from n = N onwards must lie in the interval.Ex 2 Show that (�1)n diverges.Sol There 
an not be a limit L sin
e he distan
e to 1 or �1 would be at least 1.Def We say that the sequen
efang diverges to in�nity and write limn!1an=1,if for every M there is an N su
h that an>M , when n>N.Ex 3 The sequen
es an = n and bn = (�1)nn both diverge, but limn!1 an =1.1



2 The only di�eren
e with limx!1 f(x), if f(x) is a fun
tion, is that n is an integer:Th If an = f(n) and limx!1 f(x) exist then limn!1 an exist.The limit laws for fun
tions hen
e hold for sequen
es; if fang and fbng 
onverge thenlimn!1(an + bn) = limn!1 an + limn!1 bn; limn!1 anbn = limn!1 an � limn!1 bn;and limn!1 anbn = limn!1 anlimn!1 bn ; if limn!1 bn 6= 0; limn!1 
 = 
Ex 4 limn!1 nn+ 1 = limn!1 11 + 1n = limn!11limn!1(1 + 1n ) = limn!1 1limn!11 + limn!1 1n = 11 + 0 = 1.Ex 5 Show that limn!1 rn = 0, if 0 < r < 1 and limn!1 rn =1, if r > 1.Pf The exponential fun
tion satis�es limx!1ax=0, if 0<a<1 and limx!1ax=1, if a>1.Squeeze Theorem If an � bn � 
n and limn!1 an = limn!1 
n = L then limn!1 bn = L.Corollary If limn!1 j anj = 0 then limn!1 an = 0.Pf This follows from the Squeeze Theorem sin
e �j anj � an � j anj.Ex 6 For what values of r is the sequen
e frng 
onvergent and what is the limit?Sol By Ex 5 the limit exist and is 0, if 0 < r < 1, and it is divergent for r > 1.If r = 0 the limit exist and is 0, and if r = 1 the limit exist and is 1.If �1 < r < 0 then 0 < j rj < 1 so limn!1 j rnj = limn!1 j rjn = 0 and hen
e limn!1 rn = 0.If r = �1 this diverges by Ex 2, and if r < �1 it diverges by a similar argument.Def fang is 
alled in
reasing if a1<a2 < ::: < an <an+1 < ::: and de
reasing ifa1>a2>:::>an>an+1>:::. It is 
alledmonotoni
 if it is in
reasing or de
reasing.Def fang is 
alled bounded above if an�M and bounded below if an�m, forall n. It is 
alled bounded if it is bounded above and below.Monotoni
 Sequen
e Theorem A bounded, monotoni
 sequen
e is 
onvergent.Corollary An in
reasing sequen
e either 
onverges or diverges to in�nity.Pf If the sequen
e is bounded then by the Monotoni
 Sequen
e Theorem it 
on-verges, else if it is unbounded then it diverges to in�nity.Ex7 Show that limn!1 rn = 0, if 0 < r < 1.Pf If 0<r<1, then 0<rn+1=r rn<rn<:::< r<1, so it is bounded and de
reasing.Hen
e the limit L exist, and L=0, sin
e L= limn!1 rn= limn!1 r rn�1=r limn!1 rn�1=rL.


