Lecture 20: 6.2 More Laplace transforms. Recall the Laplace transform:

(6.2.1) CLF)Y = F(s) = /OOO e £ (1) dt
Last time we showed that:

Ex 1 L{et} — % when s > a.

Th1 L{f/()} = L)} (0)

Th 2 L{f"(t)} = s*L{f(t)} — sf(0) — f'(0)

We will now apply these rules to get more Laplace transforms:

Ex 2 L{sinbt} = when s > 0.
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In the same way, or alternatively using Th 1 one can show that;
s
Ex 3 L{cosbt} = ———, when s > 0.
{eosbt} = 5

Ex 4 A converse of Th 1 is also hold:

Th 8 L{17(1)} = - LIF(0).
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Ex 6 L{te} = , when s > a.
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Ex 7 Find the solution of y"" 4+ y = sin (2¢), with initial data y(0) = 2, '(0) = 1.
Sol Let Y(s) = L{y(t)}. Taking the Laplace transform of the equation using the
formulas in Th 1-2 we get:

LLy" () +y(t)} = L{y" ()} + L{y(t)} = s>V (s) — sy(0) — y'(0) + Y (s)

— (DY (5) 25— 1= L{sin (20)} —

s24+4

Hence
B 1+ 2s 2

Yis) = s24+1 * (s2+1)(s2+4)

The inverse Laplace transform of the first part is by previous examples sint+2 cost.
For the other part we put up partial fractions:

2 _A3+B Cs+ D

(s2+1)(s24+4) s2+1 * s2+4

where A, B,C, D are to be determined. If we put the term on a common denomi-
nator again we get

(As+ B)(s*+4)+ (Cs+ D)(s* + 1)
(2 + )(s* + 4)
_(A+0)s’+ (B+D)s* + (4A+C)s+4B+ D 2
B (2 4+1)(s2 +4) (824 1)(s2+4)

Hence A+ C =B+ D=4A+C =0 and 4B + D = 2 which gives A = C' =0 and
3B=2s0 B=2/3 and D = —2/3. Hence
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Hence . .
y(t) = 2cost + 3 sint — 3 sin (2t)



