
Le
ture 22: 7.3 Eigenve
tors. The equation(7.3.1) Ax = y or a11x1 + a12x2 = y1a21x1 + a22x2 = y2
an be viewed as a map transforming the ve
tor x2R2 into the ve
tor y2R2.Examples of su
h transformations are s
alar multipli
ation or rotations of a ve
tor.Ve
tors that are transformed into a multiple of themselves play an important role:Ex 1 Let A=� 1 �2�2 1 �, x(1)=� 11 �, x(2)=� 1�1�. Then Ax(1)=�x(1), Ax(2)=3x(2).Note that x(1) and x(2) form a basis; any ve
tor in the plane 
an be written(7.3.2) x = �x1x2 � = x1 + x22 � 11 �+ x1 � x22 � 1�1 � = 
1x(1) + 
2x(2):Knowing how A transforms x(1) and x(2) determines how it transforms any ve
torAx = A�
1x(1) + 
2x(2)� = 
1Ax(1) + 
2Ax(2) = �
1x(1) + 3
2x(2)Def Let A be an n � n matrix. A s
alar � su
h that Ax = �x for some x 6= 0 is
alled an eigenvalue and the 
orresponding ve
tor x is 
alled an eigenve
tor.How do we �nd eigenve
tors? Well Ax = �x, for some x 6= 0 is the same as(7.3.3) (A� �I)x = 0; x 6= 0whi
h is equivalent to that A� �I is not invertible whi
h is equivalent to that(7.3.4) p(�) = det (A� �I) = 0This is 
alled the 
hara
teristi
 polynomial for the matrix A and is equal to���� a11�� a12a21 a22�� ���� = (a11 � �)(a22 � �) = �2� (a11 + a22)�+ a11a22 � a12a22 = 0Ex 2 Find the eigenvalues and eigenve
tors of A = � 1 �2�2 1 �.Sol The eigenvalues are solution of the 
hara
teristi
 equation (7.3.4):det (A� �I) = ���� 1� � �2�2 1� � ���� = (1� �)2 � 22 = (1� �� 2)(1� �+ 2) = 0The eigenvalues are �1 = �1 and �2 = 3. The eigenve
tors are solutions to (7.3.3):If � = �1 = �1 then (7.3.4) be
omes(A��1I)x=� 2 �2�2 2 � �x1x2 �=� 00 � , 2x1�2x2 = 0�2x1+2x2 = 0 , x1= �x2= � ; x(1)=� 11 �If � = �2 = 3 then (7.3.4) be
omes(A��2I)x=��2 �2�2 �2 � �x1x2 �=� 00 � , �2x1�2x2 = 0�2x1�2x2 = 0 , x1=�x2=� ; x(2)=��11 �We 
an pi
k any numbers � 6= 0 and � 6= 0, e.g. � = 1 and � = 1.1



27.5 Linear Systems of di�erential equations. Let us now return to the system(7.5.1) x0 = Ax; or x01 = a11x1 + a12x2x02 = a21x1 + a22x2:How will we �nd solutions to su
h systems? Re
all that we found solution to x0 = axwhere a is a 
onstant by trying with x = 
e�t. Then x0 = �
e�t = �x = ax if � = a.In fa
t the solution to the simple system(7.5.2) x01 = �1x1x02 = �2x2 is x1 = 
1e�1tx2 = 
2e�2tLet us therefore try with(7.5.3) x = �e�twhere � is a number and � = (�1; �2)T is a 
onstant ve
tor to be determined. Forthis to be a solution we must havex0 = ��e�t = A�e�t = Axor if we 
an
el the s
alar fa
tor e�t:(7.5.4) (A� �I)� = 0; � 6= 0Therefore (7.5.3) is a solution to (7.5.1) if � is an eigenvalue and � an eigenve
tor.We have seen that � is an eigenvalue if it satis�es the 
hara
teristi
 equation. If the
hara
teristi
 equation has two distin
t real roots �1 6= �2, then the 
orrespondingeigenve
tors x(1) and x(2) are linearly independent. Ea
h eigenve
tor 
orrespondsto one solution and the system de
ouples into two equations in the two di�erent di-re
tions 
orresponding to the eigenve
tor. It basi
ally be
omes the system (7.5.2) ifwe 
hange 
oordinates so the 
oordinate axis are in the dire
tion of the eigenve
tors.Ex Find the solution to the system x0 = � 1 �2�2 1 �x, with x(0) = � ab �.Sol In a previous ex. we showed that x(1)=� 11 � and x(2)=� 1�1� are eigenve
torswith eigenvalues �1=�1 and �2=3. It follows that for any 
onstants 
1 and 
2x = 
1x(1)e�1t + 
2x(2)e�2tis a solution, and sin
e x(1), x(2) form a basis we 
an �nd 
1 and 
2 su
h thatx(0) = 
1x(1) + 
2x(2)In fa
t by (7.3.2) � ab � = a+ b2 � 11 �+ a� b2 � 1�1 �Hen
e 
1 = (a+ b)=2 and 
2 = (a� b)=2 so the solution isx = a+ b2 e�t � 11 �+ a� b2 e3t � 1�1 � :


