
Le
ture 23: 7.5 Linear systems of di�erential equations.Ex Find the solution to the systemx0=Ax; where x=�x1x2 �; A=��6 �2�2 �9 � ; x(0) = � ab � ;Sol First we want to �nd the eigenvalues r and eigenve
tors x 6= 0:(7.5.5) Ax = rx , (A� rI)x = 0:The eigenvalues are solution of the 
hara
teristi
 equation:0=det (A� rI) = �����6�r �2�2 �9�r ���� = (�6�r)(�9�r)� 22 = r2 + 15r + 50= r2+2152 r+�152 �2� 2254 +2004 = �r+152 �2��52�2 = �r+152 +52��r+152 �52�Hen
e det (A� rI) = (r + 5)(r + 10) so the eigenvalues are r1=�5 and r2=�10.If r = r1 = �10 then (7.5.5) be
omes(A�r1I)x=� 4 �2�2 1 � �x1x2 �=� 00 � , 4x1�2x2 = 0�2x1+x2 = 0 , x1 = �x2=2� ; x(1)= � 12 �If r = r2 = �5 then (7.5.5) be
omes(A�r2I)x=��1 �2�2 �4 � �x1x2 �=� 00 � , �x1�2x2 = 0�2x1�4x2=0 , x1= 2�x2= �� ; x(2)=� 2�1�where we pi
ked � = � = 1. We have found eigenvalues and eigenve
tors so thatAx(1)=r1x(1) and Ax(2)=r2x(2). It follows that for any 
onstants 
1 and 
2x = 
1er1tx(1) + 
2er2tx(2)is a solution to x0 = Ax. In fa
t, thenx0 = r1
1er1tx(1) + r2
2er2tx(2)and Ax = 
1er1tAx(1) + 
2er1tAx(2) = 
1er1tr1x(1) + 
2er1tr2x(2):Sin
e x(1), x(2) are not parallel they form a basis and we 
an �nd 
1 and 
2 so thatx(0) = 
1x(1) + 
2x(2)In fa
t � ab � = 
1 � 12 �+ 
2 � 2�1 � , 
1 + 2
2 = a2
1 � 
2 = b , 
1 = (a+ 2b)=5
2 = (2a� b)=5and hen
e(7.5.6) x = �x1x2 � = a+ 2b5 e�5t � 12 �+ 2a� b5 e�10t � 2�1 � :Note that the solution (7.5.6) tend to 0 as t ! 1 for any initial 
ondition, i.e. 0is a stable equilibrium. However, to 
on
lude this it would have been suÆ
ientto 
al
ulate the eigenvalues and note that both are negative.The Dire
tion �eld and phase portrait are pi
tures in the x1x2-plane. Byevaluating and plotting the ve
tor Ax starting at a number of points x we get thedire
tion �eld and the phase portrait is obtained by also drawing a few solution
urves whi
h are tangential to the dire
tion �elds. In parti
ular if we do this in theabove example we will see that all solution 
urves go towards the origin 0.1


