
Le
ture 24: 7.6 Complex eigenvalues.Ex Find the solution to the systemx0=Ax; where x=�x1x2 �; A=��1 �22 �1 � ; x(0) = � ab � ;Sol 1 First we want to �nd the eigenvalues r and eigenve
tors x 6= 0:(7.6.1) Ax = rx , (A� rI)x = 0:The eigenvalues are solution of the 
hara
teristi
 equation:0=det (A� rI) = �����1�r �22 �1�r ���� = (�1�r)2 + 22 = (�1� r � 2i)(�1� r + 2i)so the eigenvalues are r1=�1� 2i and r2=�1 + 2i, where i = p�1.If r = r1 = 1� 2i then (7.6.1) be
omes(A�r1I)x=� 2i �22 2i � �x1x2 �=� 00 � , 2ix1�2x2 = 02x1+2ix2 = 0 , x1 = �x2=�i ; x(1)= � 1i �If r = r2 = 1 + 2i then (7.6.1) be
omes(A�r2I)x=��2i �22 �2i ��x1x2 �=� 00 � , �2ix1�2x2= 02x1�2ix2=0 , x1= �x2=��i ; x(2)=� 1�i �Then for any 
omplex 
onstants 
1 and 
2x = 
1er1tx(1) + 
2er2tx(2)is a solution to x0 = Ax. In fa
t, thenx0 = r1
1er1tx(1) + r2
2er2tx(2)and Ax = 
1er1tAx(1) + 
2er1tAx(2) = 
1er1tr1x(1) + 
2er1tr2x(2):Sin
e x(1), x(2) are not parallel they form a basis and we 
an �nd 
1 and 
2 so thatx(0) = 
1x(1) + 
2x(2)In fa
t � ab � = 
1 � 1i �+ 
2 � 1�i � , 
1 + 
2 = ai
1 � i
2 = b , 
1 = (a� ib)=2
2 = (a+ ib)=2and hen
e(7.6.2) x = a�ib2 e�t�2it � 1i �+ a+ib2 e�t+2it � 1�i �This is real if a,b are real, as 
an be seen using Euler's formulas e2it=
os 2t+i sin 2t.Sol 2 Sin
e A is real it follows that if r is an eigenvalue with eigenve
tor � then the
omplex 
onjugate of the eigenvalue r is also an eigenvalue with 
omplex 
onjugateeigenve
tor �. In fa
t taking the 
omplex 
onjugate of A�=r� gives A�=r � .Sin
e ert� is a solution it follows that the 
omplex 
onjugate ert� is a solution andso are the real and imaginary parts u = (ert�+ ert�)=2 and v = (ert�� ert�)=2i.Writing �=a+ib and r=�+i� we get after some work two real solutionsu = e�t(a 
os�t� b sin�t);v = e�t(a sin�t+ b 
os�t)and any solution 
an be written as(7.6.3) x = 
1u+ 
2v:Note that in (7.6.2) x ! 0, as t ! 1, so 0 is a stable equilibrium. In fa
t thisfollows sin
e the real part of the eigenvalues are negative.1



27.8 Repeated eigenvalues.Suppose now that we have a 2�2 matrix A with double eigenvalue p (�) = (���1)2.We always have one eigenve
tor:(7.8.1) (A� �1I)� = 0; � 6= 0but do we have another eigenve
tor that is not just a multiple of �? If A = �1Ithen any ve
tor is an eigenve
tor, e.g. (1; 0)T, (0; 1)T . But if A 6=�1I then there isno other nonparallel eigenve
tor but instead we 
laim that we 
an �nd a so 
alledgeneralized eigenve
tor � su
h that(7.8.2) (A� �1I)� = �Ex 1 Find the ve
tors � and � su
h that (7.8.1)-(7.8.2) hold if(7.8.3) A = ��1 d0 �1 � ; where d 6= 0;Sol First we note that p (�)=(�1��)2. The only eigenve
tor is parallel to �=(1; 0)T;(7.8.4) (A� �1I)� = � 0 d0 0 � � �1�2 � = � 00 � , d �2 = 0 , �2 = 0and e.g. � = (0; 1=d)T satis�es (7.8.2) sin
e(7.8.5) (A� �1I)� = � 0 d0 0 � � �1�2 � = � 10 � , d �2 = 1 , �2 = 1=dAssume now that �1 is a double eigenvalue for A and that � and � are su
h that(7.8.1) and (7.8.2) hold. Then one solution tox0 = Axis x1 = e�1t�:We 
laim that(7.8.6) x2 = te�1t� + e�1t�is another solution. In fa
t, thenx02 = e�1t� + t�1e�1t� + �1e�1t�and by (7.8.2) Ax2 = te�1tA� + �1e�1tA� = te�1t�1� + �1e�1t(�1� + �):The general solution is thereforex = 
1x2 + 
2x2 = 
1e�1t� + 
2�te�1t� + e�1t��:Ex 2 Find the solution to the system x0 = Ax, x(0) = � ab �, where A = � 2 30 2 �.Sol This is the matrix of the form (7.8.3) with �1 = 2 and d = 3 so by (7.8.4)(1; 0)T is an eigenve
tor so one solution is e2t(1; 0)T and another solution is givenby (7.8.6), where by (7.8.5) � = (0; 1=3)T . Hen
e the general solution isx = 
1e2t � 10 �+ 
2�te2t � 10 �+ e2t � 01=3 ��;and the initial 
ondition is satis�ed ifx(0) = 
1 � 10 �+ 
2 � 01=3 � = � ab � ; , 
1 = a
2 = 3b :


