
Le
ture 25: 7.7 The exponential matrix.We will now �nd a ni
e way to the express the solution to the system(7.7.1) x0 = Ax;where A is a 2�2 matrix, analogous to the formula for the solution of one equation.If A has two nonparallel eigenve
tors x(1) and x(2) then the general solutions isx = 
1e�1tx(1) + 
2e�2tx(2)We 
an �nd two solutions to (7.7.1); x1 and x2 satisfying the initial 
onditionsx1(0) = � 10 � ; x2(0) = � 01 �Using these two solutions we 
an express any solution(7.7.2) x = ax1 + bx2where the 
onstants a and b are determined by the initial 
ondition:x(0) = a � 10 �+ b � 01 � = � ab �Let �(t) be the 2� 2 matrix with 
olumns the 2 ve
tors x1(t) and x2(t):(7.7.3) � = [x1 x2 ℄ = �x11 x12x21 x22 � ; where x1 = �x11x21 � ; x2 = �x12x22 �Then in view of the de�nition of matrix multipli
ation, (7.7.2) 
an be written(7.7.4) x(t) = [x1 x2 ℄ � ab � = �(t)x(0)This means that when we 
al
ulated �(t) we 
an �nd any solution to (7.7.1) byjust multiplying �(t) by the initial 
onditions x(0). Summarizing we have found:Th 1 Given a 2�2 matrix A, there is a 2�2 matrix �(t) su
h that any solution of(7.7.5) x0 = Ax; x(0) = x0satis�es(7.7.6) x(t) = �(t)x0Note the analogy with the 
ase of one equationx0 = ax; x(0) = x01



2where the solution satis�es x(t) = eatx0:The analogy a
tually goes further. Re
all that we 
an expand in a Taylor serieseat = 1 + ta+ 12 t2a2 + � � �+ 1k ! tkak + � � �If A is a 2� 2 matrix now de�ne the 2� 2 exponential matrix by(7.7.7) eAt = I + tA+ t22 A2 + � � �+ tkk !Ak + � � �Ea
h term is a 2�2 matrix and one 
an show that ea
h entry in the sum 
onverges.It is not pra
ti
al to use (7.7.7) but there are other ways to 
al
ulate it.We will show that eAt is in fa
t equal to the matrix �(t) in Th 1. In fa
t,ddteAt = ddt�I + tA+ t22 A2 + � � �+ tkk !Ak + � � ��= A+ tA2 + � � �+ tk�1(k � 1) !Ak + � � � = A�I + tA+ � � �+ tk�1(k � 1) !Ak�1� = AeAtand if t = 0 eA0 = IIt therefore follows that x(t) = eAtx0satis�es (7.7.5) and eAt = �(t) in (7.7.6). In fa
t,ddtx = ddteAtx0 == � ddteAt�x0 = AeAtx0 = Ax;and x(0) = eA0x0 = Ix0 = x0Ex 1 Cal
ulate the exponential matrix for the system x0=Ax, where A=� 1 �2�2 1 �.Sol By Ex 7.3.2 the eigenvalues and ve
tors are A� 11 �=�� 11 �, A� 1�1�= 3� 1�1�and by Ex 7.5.1 the solution to x0 = Ax with any initial data x(0)=x0=(a; b)T isx = a+b2 e�t� 11 �+ a�b2 e3t� 1�1� = 264 e�t+ e3t2e�t� e3t2 375 a+264 e�t� e3t2e�t+ e3t2 375 b= 264 e�t+ e3t2 e�t� e3t2e�t� e3t2 e�t+ e3t2 375� ab �Hen
e the solution to the initial value problem x0 = Ax, x(0) = x0 isx(t) = �(t)x0; where �(t) = 264 e�t+ e3t2 e�t� e3t2e�t� e3t2 e�t+ e3t2 375= eAt:


