
Le
ture 3: 11.4 The 
omparison test. We know some basi
 examples of seriesthat 
onverge and some others that diverge. The idea is now to determine if moreseries 
onverges or diverges by 
omparing with the basi
 examples.Ex 1 Does the series 1Xn=1 12n + 3 
onverge?Sol It looks like 1Xn=1 12n = 1. Sin
e 12n + 3 � 12n , we have 1Xn=1 12n + 3 � 1Xn=1 12n = 1.Th A seriesXan of positive terms either 
onverges or diverges to in�nity, i.e., it
onverges if and only if the partial sums are bounded; sn=Pnk=1 ak�M , for all n.Pf Sin
e sn+1 = sn + an+1 � sn is in
reasing it follows from the monotoni
 
on-vergen
e theorem that it 
onverges if it is bounded.The 
omparison test Suppose thatP an andP bn are series with positive terms.(i) If P bn is 
onvergent and an � bn for all n � N , then P an is also 
onvergent.(ii) If P bn is divergent and an � bn for all n � N , then P an is also divergent.Pf If (i) holds then sn= nXk=1 ak� NXk=1 ak + nXk=N�1 bk�C + 1Xk=N bk= C +M<1.It therefore 
an not diverge to in�nity so by the previous theorem it has to 
onverge.Ex 2 Does the series 1Xn=1 12n � 1 
onverge?Sol It looks like 1Xn=1 12n = 1. We have 12n � 1 � 12n , but this is of no use to us.However, we 
laim that 12n � 1 � 22n , if n is suÆ
iently large. In fa
t, this wouldbe true if 2n � 2(2n � 1), i.e. if 0 � 2n � 2, whi
h is true if n � 1.By the 
omparison test 1Xn=1 12n � 1 is 
onvergent sin
e 1Xn=1 22n = 2 is 
onvergent.Ex 3 Does the series 1Xn=1 1n+ 4 
onverge?Sol We 
laim that 1n+ 4 � 12 1n , if n is suÆ
iently large. In fa
t, this is true if2n � n+4, i.e. n � 4. Sin
e 1Xn=0 12 1n is divergent it follows that the sum is divergentThe same prin
iple holds in general:Limit 
omparison test Suppose thatP an andP bn are series with positive termsIf limn!1 anbn = 
 exist and 0<
<1, then either both series 
onverge or both diverge.Pf Sin
e ak=bk ! 
, as k ! 1, it follows that there is some large N su
h that
=2 � ak=bk � 2
, when k � N . Hen
e ak � 2
bk and ak � 
bk=2 so the 
onditionsin the 
omparison theorem are satis�ed for 2
bk respe
tively 
bk=2 in pla
e of bk.
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211.5 The alternating series test. An alternating series is a series whose termsare alternately positive and negative, e.g. the alternating harmoni
 series:(11.5.1) 1� 12 + 13 � 14 + 15 � 16 + :::+ (�1)n�1n + :::Is this series 
onvergent? If we group the terms in groups of two:(11.5.2) �1� 12�+ �13 � 14�+ �15 � 16�+ :::+ � 12n� 1 � 12n�+ :::it be
omes a sum of positive terms, but we 
an rewrite this(11.5.3) 1��12 � 13���14 � 15���16 � 17�� :::�� 12n� 2 � 12n� 1�� 12n::: � 1Sin
e (11.5.2) is a series of positive terms that are bounded above it has a limit.Similarly, ne 
an prove:The alternating series test If the alternating series1Xn=1(�1)n�1bn = b1 � b2 + b3 � b4 + b5 + :::; where bn > 0;satis�es 0 � bn+1 � bn; for all n; and limn!1 bn = 0;then the series is 
onvergent.Alternating Series Estimate Theorem Suppose that ak = (�1)k�1bk, bk � 0,and bk+1 � bk. If Rn =P1k=1 ak �Pnk=1 ak =P1k=n+1 ak, then jRnj � bn+1.


