Lecture 3: 11.4 The comparison test. We know some basic examples of series
that converge and some others that diverge. The idea is now to determine if more

series converges or diverges by comparing with the basic examples.
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Ex 1 Does the series Z converge?
— 2n 4+ 3
1 1 1 S | 1
Sol It looks like Z — = 1. Since < —, we have < Z — = 1.
oyt 2n 2n 43 T 2 —~ 2n 4+ 3 ot 2n

Th A series Zan of positive terms either converges or diverges to infinity, i.e., it

converges if and only if the partial sums are bounded; s, =", _, ar, <M, for all n.
Pf Since s,4+1 = s, + apg1 > sy, is increasing it follows from the monotonic con-
vergence theorem that it converges if it is bounded.

The comparison test Suppose that ) a, and >_ b,, are series with positive terms.
(i) If > b, is convergent and a,, < b, for all n > N, then ) a,, is also convergent.
(ii) If > b,, is divergent and a,, > b, for all n > N, then > a,, is also divergent.
n N n 0o
PfIf (i) holds then s, =Y ap<» ax+ » b<C+ Y bp=C+M<oc.
k=1 k=1 k=N-1 k=N
It therefore can not diverge to infinity so by the previous theorem it has to converge.

Ex 2 Does the series Z

converge?
2n — 1
n=1
Lo | 1 1 -
Sol It looks like Z on = 1. We have o 1 > on’ but this is of no use to us.
n=1
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< —, if » is sufficiently large. In fact, this would

However, we claim that

2n 1 — 2n’
be true if 2" < 2(2"™ — 1), i.e. if 0 < 2™ — 2, which is true if n > 1.
oo 1 oo
By the comparison test Z ST is convergent since Z on = 2 is convergent.
n=1 n=1
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Ex 3 Does the series converge?
nZ::l n+ 4 &

Sol We claim that

1
> o if n is sufficiently large. In fact, this is true if
n

n+
11
2n > n+4,ie. n > 4. Since g 27 is divergent it follows that the sum is divergent
n
n=0

The same principle holds in general:
Limit comparison test Suppose that ) a,, and > b,, are series with positive terms

a
If lim — = ¢ exist and 0 < c¢< oo, then either both series converge or both diverge.
n— 00

Pf Since ay /by — ¢, as k — oo, it follows that there is some large N such that
c/2 < ay/by < 2c, when k > N. Hence ay < 2¢b,, and ag > cby /2 so the conditions
in the comparison theorem are satisfied for 2cby respectively cby /2 in place of bg.



11.5 The alternating series test. An alternating series is a series whose terms
are alternately positive and negative, e.g. the alternating harmonic series:
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Is this series convergent? If we group the terms in groups of two:

(11.5.2) (1 1)+(1 1)+(1 1)+ +( ! 1)+
o 2 3 4 5 6 2n—1 2n
it becomes a sum of positive terms, but we can rewrite this
1 1 1 1 1 1 1 1 1
(11.5.3)1-(---)-(———)—(---)-...—( - )——...31
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Since (11.5.2) is a series of positive terms that are bounded above it has a limit.

Similarly, ne can prove:
The alternating series test If the alternating series

D ()" by =b1 - ba+bs bat+bs+ .., where b, > 0,

n=1

satisfies
0 <bpy1 < by, for all n, and lim b, =0,

n— 00

then the series is convergent.

Alternating Series Estimate Theorem Suppose that ay = (—1)*~1by, by > 0,
and by <bg. U Ry, =D 0 jak — > 1y O = ZZOZH_H ak, then | Ry | < by1q.



