
Le
ture 5: 11.8 Power series. A power series in (x�a) is a series of the form(11.8.1) 1Xn=0 
n(x� a)n = 
0 + 
1(x� a) + 
2(x� a)2 + :::where x is a variable. If the sum 
onverges it will be a fun
tion of x. In a sense itis like a polynomial of in�nite degree.Ex 1 We know that the geometri
 series1Xn=0xn = 1 + x+ x2 + :::+ xn + :::
onverges for jxj < 1, and diverges for jxj � 1.Ex 2 For whi
h x does the series 1Xn=0 (x� 3)nn 
onverge?Sol Let an = (x� 3)n=n. Then����an+1an ���� = ���� (x� 3)n+1n+ 1 n(x� 3)n ���� = nn+ 1 jx�3j = 11 + 1=n jx�3j ! jx�3j; as n!1By the ratio test the sum therefore 
onverges when jx�3j < 1 and it diverges whenjx � 3j > 1. Now jx � 3j < 1 is equivalent to �1 < x � 3 < 1 whi
h is equivalentto 2 < x < 4. Hen
e the series 
onverges for 2 < x < 4 and diverges for x < 2 orx > 4. The ratio test gives no information when jx � 3j = 1. If x = 4 the seriesbe
omes P 1=n whi
h is divergent sin
e its the harmoni
 series. If x = 2 the seriesbe
omes P(�1)n=n, whi
h 
onverges by the Alternating Series Test. Thus, theseries 
onverges for 2 � x < 4 and diverges for other values of x.We saw in the previous example that the the power series 
onverged in an intervaljx� aj < R and divergent when jx� aj > R. The same result is true in general:Th For a given power series P 
n(x� a)n there are only three possibilities:(i) The series 
onverges only when x = a.(ii) The series 
onverges for all x.(iii) There is a positive number R su
h that the series is 
onvergent if jx� aj < Rand divergent if jx� aj > R.The number R is 
alled the radius of 
onvergen
e.The theorem says nothing about the endpoints jx� aj = R.In general the Ration Test (or Root Test) should be used to determine R.Idea of proof Let 
 6= a be a number su
h that the series is 
onvergent for x = 
.Then j 
n(
 � a)nj ! 0, as n ! 1 by the divergen
e test, so j 
n(
 � a)nj � M .Writing j 
n(x�a)nj � j 
n(
�a)nj����x� a
� a ����n�Mrn, where r = ����x� a
� a ����, we see thatthe series 
onverges if r < 1, by 
omparing with the geometri
 series.Ex 3 What is the radius of 
onvergen
e of 1Xn=0 xnn! ? Sol R =1 by the ratio test.1



211.9 Representation of fun
tions in terms of power series. In this se
tionwe will learn how to represent some of the standard fun
tion in terms of powersseries by manipulating, di�erentiating or integrating the geometri
 series. Re
allthat 11� x = 1 + x+ x2 + :::+ xn + ::: = 1Xn=0xn; jxj < 1:Ex 1 Express 1=(1 + x2) as a power series.Sol If we rewrite it 11 + x2 = 11� (�x2) . and use the geometri
 series above withx repla
ed by �x2 we get11 + x2 = 1Xn=0(�x2)n = 1Xn=0(�1)nx2nOne 
an also get more power series by di�erentiating or integrating power series:Th If a power series P 
n(x� a)n has a radius of 
onvergen
e R > 0, thenf(x) = 
0 + 
1(x� a) + 
2(x� a)2 + ::: = 1Xn=0 
n(x� a)nis di�erentiable when jx� aj < R, andf 0(x) = 
1 + 2
2(x� a) + 3
3(x� a)2 + ::: = 1Xn=0n 
n(x� a)n�1Z f(x) dx = C + 
0(x� a) + 
1 (x� a)22 + ::: = C + 1Xn=0 (x� a)n+1n+ 1The radii of 
onvergen
e of both these power series are R.The theorem just says thatddx� 1Xn=0 
n(x� a)n� = 1Xn=0 ddx�
n(x� a)n�For �nite sums this is 
lear but the problem is 
onvergen
e.Ex Find the power series for ln (1� x) and its radius of 
onvergen
e.Sol By the previous theorem and the expansion for the geometri
 series:� ln (1� x) =Z dx1� x =Z �1+x+x2+ :::� dx = C+x+ x22 + x33 + ::: = C+ 1Xn=1 xnnEx Find the power series for f(x) = tan�1 x and its radius of 
onvergen
e.Sol tan�1 x = Z dx1 + x2 = Z (1� x2 + x4 + :::) dx = C + x� x33 + x55 + :::


