Lecture 6: Taylor series 11.10. Suppose that f can be written as a power series:
f(z) =co+ci(z —a) + calz —a)® + c3(x —a)® + cu(z —a)* + ..., |z —a| < R.
How can we then find the coefficients cg, cq, ... from f?7 First, if we put z = a:

f(a) = co
By the theorem in the previous section we can differentiate the series term by term:

fl(x)=c1+2c(x —a)+3cs3(z—a)® +4dca(z —a)® + ..., |z —al < R.

and substituting x = a gives

f'(a) =
Differentiating once more gives

f'(x)=2co+2 3cs(x—a)+3-4ea(z—a)® + ..., z —al < R.
and substituting x = a gives
f(a) =2c
Differentiating once more gives
f"x)=2-3c3+2-3-4deq(r—a) + ..., lz —a|] < R.
and substituting z = a gives
f"(a)=2-3c3
If you continue to differentiate and substitute you will get
f™a)=2-3-4----n,c, =nlecy,

Hence, if f(z) has a power series expansion at a; then the coefficients are given by

(n)
W
n!
In other words, if f has a power series expansion at a then
(11.10.1)
= f(n) a n f"(a £"(a
=2 n|( )(m*(") = f(a)+f"(a)(z—a)+ 2( )(-17*(1/)24- 2 .(2)(:17(1,)3-%...
n=0 )

The series above is called the Taylor series of the function f at a. For the
special case of a = 0 it is called the Maclaurin series:
oo
F(0) / f70) 5 f"(0) 4
We remark that one has to prove that a function is equal to its Taylor series even
if it converges. In fact this is not always true as is seen by problem 62 in the book.

Ex Find the Maclaurin series for f(x) = e” and its radius of convergence.
Sol f'(x) = €®,..., f(")(z) = e®, and f(™(0) = e’ = 1, so the Maclaurin series is
,I,TL

(11.10.2) ZTT =y = Ltat ot gt
n=0 n=0

To find the radius of convergence let a,, = 2™ /n!. Then as n — oc:

i = |$‘ —-0<1
Con+1 ’

Qi1 n!
(n+ 1) am
so the series converges for all by the Ratio Test. The radius of convergence R=oc.
The conclusion is that if e” have a power series the it is (11.10.2).
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When is a function, that have derivatives of all orders, equal to its Taylor series
(11.10.2)7 Let the n-th degree Taylor polynomial of f at a be given by

f"(a) f (a)
2 !

n.

" fE) (g
=X : k'( )(mfa)" = f(a)+f'(a)(z—a)+ (z—a)+ -+ (z—a)"
k=0

Notice that T,,(z) is the polynomial of degree n that best approximates f close to a.
Ex Draw the graph of the exponential function and its first Taylor polynomials.
Sol Ti(xz) =1+ x is the tangent line to the exponential function at z = 0, and
Ty (z) =1+ 2z +x%/2 also has the same curvature as the exponential function at z=0.

In general f is the sum of its Taylor series if the remainder

Rn(x) = f(x) - Tn(x) — 0,

tends to 0; R, (x) — 0, as n — oo. In order to prove this we can use:
Th(Taylor’s Inequality) If | f("+V) (z)| < M, for | — a| < d, then

(11.10.3) IR, (z)| < z — a|"t, for |z —a| < d.

T
(n+1)!
Ex Prove that f(z) = e” is equal to its Maclaurin series for all z.

Sol Since f(")(x) = €2, it follows that |f(™)(z)| < e = M, when |z| < d. Hence by
Taylor’s inequality

Ry (z)] < ORI

Since |z|"/n! — 0, when n— oo, it follows that R,,(z) — 0, when n— oo, for any x.

||, for x| < d.

Pf of (11.10.3) for n = 1. If f"(z) < M then for a <z < a + d:

F@-r'@= [ frods [ Mo me-o

where we used the Fundamental Theorem of Calculus, f’ is an antiderivative of f”.
Using the inequality that we just derived

f(z) < f'(a) + M(xz —a), a<z<a+d
we similarly obtain
/ (T * 0)2
f t)dt < (f () +M(t—a))dt=f' (a)(a:—a)+MT
With Ry(z) = ( ) —Ti(x) = f(x) — f(a) = f'(a)(z — a) we have shown that
M
Riw) < 2 (o )?
A similar argument using that f”(z) > —M shows the inequality in the other
direction and we get

B ()] <

M 2
7(37*0')

Although the calculations where for x > a, similar calculations shows it for z < a.



