
Le
ture 6: Taylor series 11.10. Suppose that f 
an be written as a power series:f(x) = 
0 + 
1(x� a) + 
2(x� a)2 + 
3(x� a)3 + 
4(x� a)4 + :::; jx� aj < R:How 
an we then �nd the 
oeÆ
ients 
0; 
1; ::: from f? First, if we put x = a:f(a) = 
0By the theorem in the previous se
tion we 
an di�erentiate the series term by term:f 0(x) = 
1 + 2 
2(x� a) + 3 
3(x� a)2 + 4 
4(x� a)3 + :::; jx� aj < R:and substituting x = a gives f 0(a) = 
1Di�erentiating on
e more givesf 00(x) = 2 
2 + 2 � 3 
3(x� a) + 3 � 4 
4(x� a)2 + :::; jx� aj < R:and substituting x = a gives f 00(a) = 2 
2Di�erentiating on
e more givesf 000(x) = 2 � 3 
3 + 2 � 3 � 4 
4(x� a) + :::; jx� aj < R:and substituting x = a gives f 000(a) = 2 � 3 
3If you 
ontinue to di�erentiate and substitute you will getf (n)(a) = 2 � 3 � 4 � � � �n; 
n = n! 
nHen
e, if f(x) has a power series expansion at a; then the 
oeÆ
ients are given by
n = f (n)(a)n!In other words, if f has a power series expansion at a then(11.10.1)f(x) = 1Xn=0 f (n)(a)n! (x�a)n = f(a)+f 0(a)(x�a)+f 00(a)2 (x�a)2+f 000(a)3 � 2 (x�a)3+:::The series above is 
alled the Taylor series of the fun
tion f at a. For thespe
ial 
ase of a = 0 it is 
alled the Ma
laurin series:f(x) = 1Xn=0 f (n)(0)n! xn = f(a) + f 0(0)x+ f 00(0)2 x2 + f 000(0)3 � 2 x3 + :::We remark that one has to prove that a fun
tion is equal to its Taylor series evenif it 
onverges. In fa
t this is not always true as is seen by problem 62 in the book.Ex Find the Ma
laurin series for f(x) = ex and its radius of 
onvergen
e.Sol f 0(x) = ex,..., f (n)(x) = ex, and f (n)(0) = e0 = 1, so the Ma
laurin series is(11.10.2) 1Xn=0 f (n)(0)n! xn = 1Xn=0 xnn! = 1 + x+ x22 + x33 � 2 + � � �To �nd the radius of 
onvergen
e let an = xn=n!. Then as n!1:����an+1an ���� = ���� xn+1(n+ 1)! � n!xn ���� = jxjn+ 1 ! 0 < 1;so the series 
onverges for all x by the Ratio Test. The radius of 
onvergen
e R=1.The 
on
lusion is that if ex have a power series the it is (11.10.2).1



2When is a fun
tion, that have derivatives of all orders, equal to its Taylor series(11.10.2)? Let the n-th degree Taylor polynomial of f at a be given byTn(x) = nXk=0 f (k)(a)k ! (x�a)n = f(a)+f 0(a)(x�a)+f 00(a)2 (x�a)2+� � �+f (n)(a)n ! (x�a)nNoti
e that Tn(x) is the polynomial of degree n that best approximates f 
lose to a.Ex Draw the graph of the exponential fun
tion and its �rst Taylor polynomials.Sol T1(x) = 1 + x is the tangent line to the exponential fun
tion at x = 0, andT2(x)=1+x+x2=2 also has the same 
urvature as the exponential fun
tion at x=0.In general f is the sum of its Taylor series if the remainderRn(x) = f(x)� Tn(x)! 0;tends to 0; Rn(x)! 0, as n!1. In order to prove this we 
an use:Th(Taylor's Inequality) If jf (n+1)(x)j �M , for jx� aj � d, then(11.10.3) jRn(x)j � M(n+ 1) ! jx� ajn+1; for jx� aj � d:Ex Prove that f(x) = ex is equal to its Ma
laurin series for all x.Sol Sin
e f (n)(x) = ex, it follows that jf (n)(x)j � ed = M , when jxj � d. Hen
e byTaylor's inequality jRn(x)j � ed(n+ 1) ! jxjn+1; for jxj � d:Sin
e jxjn=n!! 0, when n!1, it follows that Rn(x)! 0, when n!1, for any x.Pf of (11.10.3) for n = 1. If f 00(x) �M then for a � x � a+ d:f 0(x)� f 0(a) = Z xa f 00(t) dt � Z xa M dt = M(x� a)where we used the Fundamental Theorem of Cal
ulus, f 0 is an antiderivative of f 00.Using the inequality that we just derivedf 0(x) � f 0(a) +M(x� a); a � x � a+ dwe similarly obtainf(x)� f(a) = Z xa f 0(t) dt � Z xa �f 0(a)+M(t� a)� dt = f 0(a)(x� a)+M (x� a)22With R1(x) = f(x)� T1(x) = f(x)� f(a)� f 0(a)(x� a) we have shown thatR1(x) � M2 (x� a)2A similar argument using that f 00(x) � �M shows the inequality in the otherdire
tion and we get jR1(x)j � M2 (x� a)2Although the 
al
ulations where for x > a, similar 
al
ulations shows it for x < a.


