
Le
ture 7: 11.10, 12 Appli
ation of Taylor series. Re
all that the n-th degreeTaylor polynomial of f at a is given byTn(x) = nXk=0 f (k)(a)k ! (x�a)n = f(a)+f 0(a)(x�a)+f 00(a)2 (x�a)2+� � �+f (n)(a)n ! (x�a)nIf n =1 it is 
alled the Taylor series of f at a. By Taylor's theoremf(x) = Tn(x) + Rn(x);where the remainder satis�es Taylor's inequalityjRn(x)j � M(n+ 1) ! jx� ajn+1; for jx� aj � d;where M is a number su
h that jf (n+1)(x)j �M , for jx� aj � d.Ex Find the Ma
laurin series for f(x)=
osx. Show that it is equal to 
osx for all x.Sol Di�erentiating we getf(x) = 
osx; f 0(x) = � sinx; f 00(x) = � 
osx; f 000(x) = sinx; f (4)(x) = 
osx;after whi
h it repeats itself, sof(0) = 1; f 0(0) = 0; f 00(0) = �1; f 000(0) = 0; f (4)(0) = 1;Hen
e the Ma
laurin series isf(0)+ f 0(0)x+ f 00(0)2 x2+ f 000(0)3! x3+ ::: = 1� x22 + x44! � x66! + ::: = 1Xk=0(�1)n x2k(2k)!Sin
e f (n+1)(x) is either � 
osx or � sinx it follows that jf (n+1)(x)j � 1. Hen
ewith M = 1 in Taylor's inequality:(11.1.4) jRn(x)j � jxjn+1(n+ 1)!Sin
e this tend to 0 as n!1(?) it follows that f(x) is equal to its Ma
laurin series.Ex Find 
os 3Æ to within �ve de
imal pla
es.Sol 3Æ = 3(2�=360) = �=60 radians. The error in using a Taylor polynomial ofdegree n is by (11.1.4) less than 0:000005 ifjRn(x)j � (�=60)n+1(n+ 1)! � 10�n�1(n+ 1)! < 0:000005If we pi
k n = 3 we get(�=60)44! � 10�424 � 10�52 = 0:000005Using the Ma
laurin polynomial of degree 3 we get(11.10.5) 
os (�=60) � T3(�=60) = 1� (�=60)22Alternatively sin
e it is an alternating series we know that the error in (11.10.5) isbounded by the next term left out in the series, whi
h is exa
tly the same as above.1



2Ex Approximate f(x) = px by a Taylor polynomial of degree 2 at a = 25.Use it to �nd an approximation for p24. Show that your error is less than 0:0001.Sol We havef(x) = x1=2; f 0(x) = 12 1x1=2 ; f 00(x) = �12 12 1x3=2 ; f 000(x) = 12 12 32 1x5=2and hen
e sin
e p25 = 5f(25) = 5; f 0(25) = 12 15 = 110 ; f 00(25) = �12 12 125p25 = � 1500 ;Hen
e px � 5 + x� 2510 � (x� 25)21000and so p24 � 5� 110 � 11000 = 4:899Sin
e f 000(x) is de
reasing when x � 0 it follows thatjf 000(x)j = 38 1x5=2 � 38 1245=2 ; when 24 � x � 25;But 38 1245=2 = 38 124 � 24 � p24 = 164 � 24p24 � 164 � 24p16 = 164 � 24 � 4 = MHen
e by Taylor's inequality the error is bounded byjR2(x)j � 164 � 24 � 4 jx� 25j36 = jx� 25j34096 � 9 = jx� 25j336864 ; jx� 25j � 1Hen
e jR2(24)j � 136864 � 110000 = 0:0001Note that in this 
ase we 
an not estimate the error by the next term left out sin
ethe terms are not alternating.Ex Evaluate limx!0 1� 
osxex � 1� x .Sol Expanding in Taylor series we see that the limit islimx!0 1� x22 + x44! :::� 11 + x+ x22 + :::� 1� x = limx!0 �x22 + x33! + ::::x22 + ::: = limx!0 � 12 + x24! + :::12 + x3! = �1


