
Le
ture 8: 1.1-2. Two Models, Dire
tion �elds, Solution 
urves.Model I: A Falling obje
t is subje
t to Newton's se
ond law:F = ma For
e = mass � a

elerationwhere a = dvdt a

eleration = the time derivative of the velo
ityand F = mg � 
v For
e = gravitational for
e � air resistan
e fri
tionwhere g � 9:8 is the gravitational 
onstant and 
 > 0 is due to air resistan
e. Hen
emdvdt = mg � 
vIf we plug in 
ertain values of the 
onstants we get(1.1.1) dvdt = 9:8� v5 � f(v)where the last equality de�nes f(v).Given v, f(v) in (1.1) gives the slope dv=dt, ie. the rate of in
rease of thevelo
ity. We 
an display this information graphi
ally in the t-v plane by drawingsmall arrows with slope f(v), i.e. ve
tors in the dire
tion (1; f(v)), at a number ofpoints (t; v) in the t-v plane. This is 
alled a dire
tion �eld or slope �eld.One 
an the approximately 
al
ulate the solution 
urve starting at some point(t; v) in the t-v plane by going in the dire
tion of the arrow f(v) in the t-v planefor some small time interval, and then at the new point going in the dire
tion ofthe arrow at that point for some small time interval, and so on.E.g. if v = 60 then f(v) = f(60) = �2:2, independently of what t is, andf(40) = 1:8 and f(50) = �0:2, see Figure 1.1.2 in the text book.Noti
e f(v) 
hanges sign, if f(60) < 0 and f(40) > 0, and in fa
t f(49) = 0.This means that if v = 49 then dv=dt = 0 so v stays 
onstant.A point where f(v) = 0 is 
alled an equilibrium point. In this 
ase it is in fa
ta stable equilibrium be
ause if v > 49 then f(v) < 0 so dv=dt < 0 and it willpush v down towards 49, and if v < 49 then f(v) > 0 so dv=dt > 0 whi
h will pushv up towards 49. It is 
alled stable be
ause any points in the t-v plane with v 
loseto 49 will be pulled in towards v = 49, in fa
t graphi
ally it looks like eventuallyall paths will approa
h v = 49 as time t!1.
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2Model II: Mi
e and Owls. Consider a population p of �eld mi
e who inhabit a
ertain area. In the absen
e of predators it is natural to assume that the populationin
reases at a rate proportional to the 
urrent population. The proportionalityfa
tor r is 
alled the growth rate. Now, let us also suppose that several owls livein the same area and eats a �xed number of mi
e every day. In some units we have(1.1.2) dpdt = 0:5p� 450 = g(v)If, we as for the earlier model draw the dire
tion �eld we noti
e a big di�eren
e.There is an equilibrium at p = 900, for whi
h g(p) = g(900) = 0, but for p > 900,g(p) so the population in
reases and hen
e move away from 900. Similarly, ifp < 900 then g(p) < 0 so the population de
reases and hen
e also move away fromp = 900. We 
on
lude that this is an unstable equilibriumSe
tion 1.2 Analyti
al solution of the simple models. We 
an a
tually solvethe equation (1.1.2) analyti
ally: dp=dtp� 900 = 2and hen
e by the 
hain rule for derivatives, this isddt ln jp� 900j = 12whi
h is equivalent to ln jp� 900j = t2 + Cor after integration: jp� 900j = eCet=2i.e. p� 900 = �eCet=2 = 
et=2where 
 = �eC . The 
onstant 
 will be determined by initial 
onditions: If p(0) =850, then �50 = p� 900 = 
e0, so p = 950� 50et=2 whi
h is indeed de
reasing fasttowards 0 Similarly if p(0) = 950, then 50 = p � 900 = 
e0 so p = 900 + 50et=2,whi
h is indeed in
reasing fast towards in�nity.Note that there is a similar 
al
ulation for the �rst model.


