MATH 20E VECTOR CALCULUS

Lecture 1: Overview+Review Sections 1.1-1.10. What is the course about?

Ch 1: Vector operations. (review of 21C) Vector has a direction and length. Dot
product and cross product. Eq. of lines and planes.

Ch 2: Curves in space. (review of 21C) Particle moving in space. Calculate
velocity vector and arc length.

Ch 3: Scalar and vector fields. The temperature distribution is a scalar field (at
each point in space we are given a number) and the gravitational field is a vector
field (at each point in space we are given a vector) Calculate derivatives of vector
functions: The divergence and curl are special derivatives with a physical meaning.

Ch 4 4+ Handout: Line integrals and surface integrals.

Ch 5: The Divergence Th., Greens Th. and Stokes Th. Generalization of the
fundamental theorem of calculus to several variables. f: fl'(x)dz = f(b) — f(a).
F = (Fy, F»,0) a vector function and D a domain with boundary C then
fC’ Fldx + ngy = ffD(an/aiU — 8F1/8y) dz.

Section 1.1:. A vector is a quantity that has both a direction and a length. It
can be represented by a directed line segment. In the notes we will denote vectors
by boldface capital letters A and in the lectures we will use the notation A.

Section 1.2. Addition of vectors geometrically. Triangle law.

Section 1.3. Multiplication of a vector A by a scalar s is geometrically a vector
in the same direction with length s|A| if |A| denotes the length of A.

Section 1.5. Space Cartesian coordinates. Let us introduce three mutually per-
pendicular axis in space with the same unit of length along each axis. Let i, j
and k be unit vectors in the positive z, y and z directions, respectively. Every
vector can then be expressed in the form A = Aqi+ Asj+ Ask. The numbers Aq,
As and Aj are called the components of the vector. The length of the vector is
|A| = /A2 + A2+ A2, by a double application of the Pythagorean theorem. If
Py (z1,9y1,21) and Ps(x3,ya, 22) are points in space then the vector represented by

the directed line segment ITPQ) is (xo — x1)i+ (y2 — y1)j + (22 — 22)k.

In coordinates addition of A = A i+ Asj + Ask and B = B,i + Bsj + Bsk takes
the form A +B = (A; + By)i+ (A2 + B2)j + (As + Bs)k and scalar multiplication
takes the form sA = sA1i+ sAsj + sAsk

Section 1.6:. The vector from the origin (0,0,0) to the point (z,y, 2) given by
xi+ yj + zk is called the position vector of the point (z,y, 2).

Section 1.8:. Eq. of a line passing through a point (z¢, yo, z0) and parallel to the
vector V = ai+bj+ck. Let Ry be the position vector of (zo, yo, 20) and let R be the
position vector of a point on the line (z,y, z). Then the vector from Ry to R must
be parallel to V, i.e. R—Ry =tV and we obtain the so called parametric equations
of aline: R =Ry +tVorx =29+ at, y =1yo+ bt, 2z = zg + ct. Alternatively,
eliminating the parameter ¢t we obtain (z — z¢)/a = (y — yo)/b = (2 — 20) /¢, which
is really the equations for the intersection of two planes.
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Section 1.9:. Scalar product (dot product) of two vectors:
A.-B= AlBl + A2B2 + A3B3 = |A| |B| cos @

where 6 is the angle between A and B. The first is in terms of coordinates and the
second is geometric and it is a theorem that the two definitions are equal. For a
proof see section 1.9 and section 1.7 or the text book for 21C. Note in particular
A - A = |A|? and that A - B = 0 if and only if the vectors are perpendicular.

Say that we want to decompose the vector B = B” + B, into a vector B
perpendicular to A and a vector B parallel to A. Then component of B along A
is |B|cosf. Since A/|A] is a unit vector in the direction of A:

B =[B|cost A/|A|=A-BA/|A?>, B.=B-Bj

Ex. Decompose B = 2i — j + 4k into a vector B parallel to A =i+ j+ k and
a vector B perpendicular to A.

Sol. A-B=2-2+4=4,|A|=v12+12+12 = /3 s0 By =4(i+j+k)/3
and By =(2—-4/3)i—(1+4/3)j+ (4 — 4/3)k.

Section 1.10:. Equations of planes. To specify a plane we give:

1) A point (zg, Yo, 20) in the plane with position vector Ry and two vectors A
and B parallel to the plane. If R is the positions vector of an arbitrary point with
coordinates (z,y, z) in the plane, then R — Ry = sA + tB.

2) A point Ry in the plane and the normal N to the plane, i.e. a vector that is
perpendicular to the plane: (R—Rg)-N = 0. R—Rg = (z—x¢)i+(y—v0)j+(2—20)k
and N = ai + bj + ck then we get the equation of a plane a(x — zo) + b(y — yo) +
c(z — z9) = 0.

. Ex. Find the equation of a plane through the point (2, 3,5) that is perpendic-
ular to the linez =2+1t¢, y=4 and z =5 — 2t.

Sol. A normal to the plane is N = i — 2k so the equation of the plane is
(x—2)—2(z—5)=0.



