Section 4.6: Surface Area. An Orientation of a surface is a continuous choice
of a positive direction of the unit normal or an outside of the surface. We say that a
surface is orientable or two-sided if it has an orientation. A closed surface without
a boundary, like the sphere, has such an orientation. However, the Mobius strip is
not orientable, when you walk around it you can come back to the other side.

A Parametrized surface is given in terms of two parameters

(4.6.1) z=z(u,v), y=yu,v), z=z(u,v), or R = R(u,v)
A particular example of a parameterized surface is a graph:
(4.6.2) z= f(z,y), or R=zi+yj+ f(z,y)k
Ex. The sphere z2+3%+2% = r2 can be parametrized using spherical coordinates:
(4.6.3) z =rsingcosd, = =rsingsing, z=rcosd, 0<f<2r, 0<¢p<m

It can however, not be written as one graph, but one for the southern hemisphere

z=—4/12 — 22 — y2 and one for the northern hemisphere z=+/r2 — 22 — y2.

A surface is locally close to its tangent plane which is determined by its normal
that we know will find. Another description of a surface is a level surface

(4.6.4) h(z,y,z) =0, if Vh(z,y,z) # 0.
((4.6.2) is a special case with h(z,y,z)=z—f(x,y).) In this case a unit normal is
(4.6.7) n = Vh/|Vh|

To find the unit normal to (4.6.1) we recall that for a parametrized curve we found
the tangent by differentiating with respect to the parameter. Here, R(u,v;), where
v; is kept constant and u vary, is a parametrized curve and the vector
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is tangent to this curve. Similarly the vector R, = 0R/0v is tangent to the curves
R(u;,v), when u; is constant and v varying. The tangent plane to the surface is
spanned by the two vectors R, and R, and a normal to the surface is hence given by

(4.6.9) N=R, xR,

The actual surface at a point (u, v) is close to its tangent plane at the point (u;, v;):
(4.6.10) R(u,v) ~ R(u;, v;) + Ry (s, v5) (v — u;) + R(uy, v5) (v — vj)

if (u,v) vary over a small rectangle

(4.6.11) Rij = {(u,v); u; <u < u; + Au,,v; <v<w;+ Av}.

(4.6.8) R, = Ty

The image of this rectangle under the map (u,v) — R(u,v) is a small surface S;;.

The area of S;; is approximately the area of the image of R;; under the linear map
(4.6.10), which is the parallelogram with the adjacent sides R, Au and R,Awv so

(4.6.12) Area (Si;) ~ |Ry X Ry(us,vj)|Aulrv = R, X Ry|Area (Ry;)
Summing up over all small rectangles in the u-v plane we get
(4.6.13) Area (S ZArea ij) Z|R X Ry (us, vj) | Aulv

and in the limit as Au, Av — 0 we get

(4.6.14) Area (5) :/ IRy X Ry (u,v)| dudv
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In the special case of a graph z = f(z,y) we have R = zi+yj+ f(x,y) k we
have R, =i+ fz(z,y)k and Ry, =j + fy(z,y) k and

i j k

(4.6.15) R, xRy=1|1 0 fp|=~fzi—-fyj+k
0 1 fy

and

(4.6.16) IR, x Ry| = /1 + f2+ f2

and hence we get the formula for the area of a graph:

(4.6.17) Area (S) = //1/1 + 2+ f2 dzdy

There is however a simpler way to remember this formula. Let
(4.6.18) Rij={(z,y); 2 <z <2+ Az, y; <y <y; + Ay},

be a small rectangle in the z-y plane. Above this rectangle is a parallelogram in
the tangent plane to the surface at (z;,y;, f(zi,y;)), that projects down to the
rectangle in the x-y plane. The quotient of the area of the rectangle in the x-y
plane to the area of the parallelogram in the tangent plane above it is the cosine of
the angle v between the tangent plane and the x-y plane. Hence

(4.6.19) Area (S // drdy
| cos |

If n is the unit normal to the tangent plane and k is the normal to the x-y plane
then the angle is given by cosy = n - k. The unit normal to a graph z = f(z,y) is
easiest calculated by writing it in the form h(z,y, z) = z — f(z,y) and using (4.6.7):

—fei-fyi+k

A1+ 2+ f2

If we also take the inner product with k we obtain:
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and substituting this into (4.6.19) gives (4.6.17).

Ex. Find the area of the sphere S of radius r.
Sol. Using the parametrization R = rsin¢cosf1i+ rsin¢sinf j + rcos ok we get
Ry =rcos¢cosfi—+rcos¢gsindj— rsingk and Ry = —rsin ¢ sin 0i + r sin ¢ cos 0;

(4.6.20) n=

(4.6.21) |cosy| =|n-k| =

i j k
RyxRg =| rcos¢cosf rcos¢sing —rsing = r2sin?p cos 6 i+ sin%p sin 0 j+r2sin ¢ cos p k
—rsin ¢sin@ rsin ¢ cos 0 0

and |R¢ x Rg| = 72| sin ¢|/sin? ¢ cos? 0 + sin® ¢sin 0 + cos? ¢ = r2sin ¢. Hence
27 s 27 27
Area (S) = / / r?sin ¢ dpdf = / —r2 cos <z$|:)r do = / 2r2 df = 4mr?.
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