
Le
ture 19: 5.3 Least square solutions. A standard statisti
al te
hnique is to�nd a least square �t to data points in the plane by some simple 
urve e.g. a line.Sin
e there might be errors in the measurements of the data we do not requirethe 
urve to pass through the points but instead be su
h that it is the optimalapproximation to the data in the sense that the sum of squares of the error betweenthe y values of the data points and the points on the 
urve should be minimized.A least square problem may be formulated as an overdetermined linear system. Asystem with more equations than unknowns usually is in
onsistent. Given a systemAx = b, where A is an m�n matrix with m> n, we want to �nd x that makeskAx� bk as small as possible. This is 
alled the least square solution:Def The least square solution x̂ of the system Ax = b is a ve
tor su
h thatkAx̂� bk � kAx� bk; for all x 2 RnFormulated di�erently, we want to �nd the ve
tor p 2 R(A) whi
h is 
losest to b.Sin
e R(A) 
an be any subspa
e we therefore �rst want to solve the problem of�nding the ve
tor p in a given subspa
e S of Rn that is 
losest to a ve
tor b 2 Rn:Th Let S be a subspa
e of Rm and b 2 Rm. Then there is a unique ve
tor p 2 Ssu
h that kb� pk � kb� yk; for all y 2 SFurthermore p 2 S is the unique ve
tor su
h that b� p 2 S?.Pf Sin
e by se
tion 5.2, Rm=S�S?, ea
h ve
tor b2S 
an be written uniquely asb = p+ z; where p 2 S; and z 2 S?If y is any other ve
tor in S then z � y 2 S and sin
e b� p 2 S? it follows fromthe Phytagorean law thatkb� yk2 = kb� p+ (p� y)k2 = kb� pk2 + kp� yk2 � kb� pk2with equality if and only if p� y = 0.We have now shown that there is a unique ve
tor p 2 R(A) that is 
losest tob 2 Rm and this is half the solution of the problem but it still remains to �nd x̂su
h that Ax̂ = p. We also showed that b� p is orthogonal R(A), i.e. in R(A)?.But re
all from se
tion 5.2 that R(A)? = N(AT ). Hen
e b�Ax 2 N(AT ), i.e.(5.3.1) ATAx = ATbThis so 
alled normal equation represents an n� n system. We have:Th If A is an m� n matrix of rank n then (5.3.1) has a unique solutionx̂ = (ATA)�1ATband x̂ is the least square solution of the problem Ax = b.1



2Note also that we 
an use the solution of the normal equation to 
onstru
t theorthogonal proje
tion onto the subspa
e spanned by the 
olumn ve
tors of A:p = Ax̂ = A(ATA)�1ATbEx Find the least square solution to Ax=b where A=24 1 11 21 335, b=24 00635.ATA = � 1 1 11 2 3 �24 1 11 21 335 = � 3 66 14 �and (ATA)�1 = 16 � 14 �6�6 3 �and ATb = � 1 1 11 2 3 �24 00635 = � 618 �Hen
e x̂ = (ATA)�1ATb = 16 � 14 �6�6 3 � � 618 � = ��43 �Ex Find the least square �t by a line to the following three points in the plane:x 1 2 3y 0 0 6Sol We want to �nd the line y = 
0+ 
1x that is 
losest to going through the threepoints, (xi; yi), i = 1; 2; 3, i.e. su
h that 421 + 422 + 423 is as small as possible,where 4i = yi � (
0 + 
1xi); i = 1; 2; 3Or if we plug in the values of (xi; yi) and write it in matrix form we want to makethe ve
tor 4 = 24 00635� 24 1 11 21 335� 
0
1 �as small as possible. But this is exa
tly the least square problem in the previousexample, and he solution is (
0; 
1)T = (�4; 3)T .


