
Math 20F Linear AlgebraIn Linear Algebra we solve systems of linear equations but linear algebra alsoprovides a frame-work in whi
h to think about many problems.Le
ture1: 1.1. A linear system of m equations in n unknowns is of the form:(1.1) a11x1 + a12x2 + :::+ a1nxn = b1a21x1 + a22x2 + :::+ a2nxn = b2::am1x1 + am2x2 + :::+ amnxn = bmwhere the aij 's and bi's are given 
onstants and x1; x2; :::; xn are unknowns to bedetermined. It is 
alled and m�n system. A solution to the system is an orderedn-tuple (x1; x2; :::; xn) su
h that all the m equations are satis�ed. The set of allsolutions are 
alled the solution set.Let us try to understand the geometri
 meaning of a general 2� 2 systems:a11x1 + a12x2 = b1a21x1 + a22x2 = b2The solutions to ea
h of the equations form a line in the (x1; x2)-plane.(x1; x2) is therefore a solution to the system if and only if it lies on both these lines.Ex 1 Find all solutions to the system n x1 + x2 = 32x1 � x2 = 0Sol The two lines in the plane interse
t at the point (1; 2), whi
h is the only solutionEx 2 Find all solutions to the system n x1 + x2 = 32x1 + 2x2 = 0Sol The lines are parallel so they don't interse
t. No solutions!Ex 3 Find all solutions to the system: n x1 + x2 = 32x1 + 2x2 = 6Sol Both equations represent the same line. Every point on the line is a solution!The same pi
ture hold for a general system: the solution set is either empty (nosolutions), or, there is exa
tly one solution, or there are in�nitely many solutions.A system is 
alled 
onsistent if it has at least one solution and in
onsistent ifit has no solutions.
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2Two systems are 
alled equivalent if they have the same solution set.Ex 4 Show that the systems are equivalent:(I): x1 + x2 = 32x1 � x2 = 0 ; , (II): x1 + x2 = 3x2 = 2Sol Both systems represent the interse
tion of two lines that happen to interse
tat the same point (1; 2). This 
an also be seen analyti
ally, in fa
t if we subtra
t 2times the �rst line of the �rst system from the se
ond line of the �rst system we get[equation 2℄�2 [equation 1℄[new equation 2℄ 2x1 � x2 = 0�2x1 � 2x2 = �6�3x2 = �6If we divide both sides by �3 we get the se
ond equation of the �rst system. Hen
eany solution to the �rst system is a solution to the se
ond and going ba
kwards wealso see that any solution to the se
ond system is a solution to the �rst.The se
ond system II 
an be solved analyti
ally by so 
alled ba
k-substitution:If we plug x2 = 2 into the �rst equation we get 2x1 � 2 = 0, i.e. x1 = 1. To solvethe �rst system I analyti
ally we redu
e it to the se
ond system II and solve it.If we follow the same pro
edure to solve the system in Ex 2 we get into trouble[equation 2℄�2 [equation 1℄[new equation 2℄ 2x1 + 2x2 = 0�2x1 � 2x2 = �60 = �6whi
h is not true. Hen
e we analyti
ally found that the system in Ex 2 is in
onsistent.An n� n system (1.1) is said to be in non-degenerate triangular form ifaij = 0, for i > j, and aii 6= 0, for i = 1; :::; n. The entries aii for i = 1; :::; nare 
alled the diagonal entries. It is easy to solve a system in non-degeneratetriangular form ba
k-substitution. If possible we therefore want to transform n�nsystems into equivalent non-degenerate triangular systems.Let us re
all what operations we 
an do that leads to equivalent systems:I) We 
an 
hange the order of any two equationsII) Both sides of an equation 
an be multiplied by the same nonzero number.III) A multiple of one line may be added to another.We want to solve the 3� 3 systemx1 � 2x2 + x3 = 02x2 � 8x3 = 8�4x1 + 5x2 + 9x3 = �9To minimize the writing it is 
onvenient to only write out the 
oeÆ
ients:24 1 �2 1 �� 00 2 �8 �� 8�4 5 9 �� �935This is 
alled the augmented matrix



3Ex 5 Transform the system above into an equivalent system in non-degeneratetriangular form.Sol We want to eliminate x1 from the last equation by using the �rst:[equation 3℄+4 [equation 1℄[new equation 3℄ �4x1 + 5x2 + 9x3 = �94x1 � 8x2 + 4x3 = 0�3x2 + 13x3 = �9After some pra
ti
e this 
al
ulation is usually performed mentally.Hen
e we get the system (written in both ways for 
omparison)x1 � 2x2 + x3 = 02x2 � 8x3 = 8�3x2 + 13x3 = �9 24 1 �2 1 �� 00 2 �8 �� 80 �3 13 �� �935Now �rst multiply the se
ond equation by 1=2:x1 � 2x2 + x3 = 0x2 � 4x3 = 4�3x2 + 13x3 = �9 24 1 �2 1 �� 00 1 �4 �� 40 �3 13 �� �935We now want to eliminate x2 from the last equation by using the se
ond:[equation 3℄+3 [equation 2℄[new equation 3℄ �3x2 + 13x3 = �93x2 � 12x3 = 12x3 = 3Hen
e we get the equivalent system in non-degenerate triangular form:x1 � 2x2 + x3 = 02x2 � 8x3 = 8x3 = 3 24 1 �2 1 �� 00 1 �4 �� 40 0 1 �� 335Ex 6 Solve the system in Ex 5.Sol Using the non-degenerate triangular form obtained in the previous example we
an easily solve it using ba
k-substitution. Two mental 
al
ulations are[eq. 2℄+4 [eq. 2℄[new eq. 2℄ x2 � 4x3x3 = 44x3 = 12x2 = 16 [eq. 1℄�1 [eq. 3℄[new eq. 1℄ x1 � 2x2 + x3 = 0�x3 = �3x1 � 2x2 = �3Hen
e we obtainx1 � 2x2 = �3x2 = 16x3 = 3 24 1 �2 0 �� �30 1 0 �� 160 0 1 �� 3 35Now having 
leared up the 
olumn above x3 in equation 3, move ba
k to the x2 inequation 2 and use it to eliminate the �2x2 above it. Adding 2 times the se
ondequation to the �rst givesx1 = 29x2 = 16x3 = 3 24 1 0 0 �� 290 1 0 �� 160 0 1 �� 3 35


