
Le
ture 26: 6.3 Diagonalization. Re
all that an n � n matrix is 
alled diag-onalizable if it 
an be written A = XDX�1 where D is diagonal. We have seenthat an n � n matrix is diagonalizable if and only if it has n linearly independenteigenve
tors. We have seen that it has n linearly independent eigenve
tors if it hasn distin
t eigenvalues. However, even if its 
hara
teristi
 polynomial has a multipleroot it 
ould still be that it has n linearly independent eigenve
tors:Ex 1 The matrix A = � 1 10 1 � is not diagonalizable but the matrix I = � 1 00 1 � is.Sol Both have 
hara
teristi
 polynomial p(�) = (1� �)2. We have(A� 1 � I)x = � 0 10 0 � �x1x2 � = � 00 � , x2 = 00 = 0 , �x1x2 � = � � 10 �Sin
e it does not exist two linearly independent eigenve
tors it 
an not be diagonal-ized. However, any ve
tor is an eigenve
tor to the indentity matrix I and anywayit is already in diagonal form.Ex 2 Diagonalize A = � 1 �2�2 1 �Sol 1 The eigenvalues and eigenve
tors are A �11 �=� � 11 � and A � 1�1 �=3 � 1�1 �Hen
eX�1AX = D, whereX = � 1 11 �1 �, D = ��1 00 3 � andX�1 = � 1=2 1=21=2 �1=2 �.Ex 3 Cal
ulate the exponential matrix eA for A in Ex 2.SoleA= eXDX�1= XeDX�1=� 1 11 �1 �� e�1 00 e3 �� 1=2 1=21=2 �1=2 �=264 e�1+ e32 e�1� e32e�1� e32 e�1+ e32 375Ex 4 Find the solution to the initial value problem:x01 = x1 � 2x2x02 = �2x1 + x2; x1(0) = 1x2(0) = 3SoleAt= eXDtX�1= XeDtX�1=� 1 11 �1 �� e�t 00 e3t �� 1=2 1=21=2 �1=2 �=264e�t+ e3t2 e�t� e3t2e�t� e3t2 e�t+ e3t2 375and �x1x2 � = eAt � 13 � = � 2e�t � e3t2e�t + e3t �6.4 Spe
tral Theorem.Spe
tral Th. If A is a real and symmetri
 n�n matrix then it has an orthonormalset of n eigenve
tors and hen
e 
an be diagonalized by an orthogonal matrix Q.Q�1AQ = D, where D is diagonal and Q�1 = QT .Ex Diagonalize 24 0 2 �12 3 �2�1 �2 0 35 with an orthogonal transformation.Sol See book. 1


