Lecture 10: 4.2 Null space and Column space..

The null space of an m x n matrix A is the set of all solutions of the homogeneous
equation Ax = 0; Nul A = {x € R"; Ax = 0}.

Th The null space of an m x n matrix A is a subspace of R".

Pf We must verify the three properties (a), (b), (c¢) in the definition of subspace.
(a) 0 € Nul A since A0 = 0.

(b) If u,v € Nul A4, show that u+v € Nul A. A(u+v)=Au+Av=0+0=0.
(¢) If u € Nul A, show that Au € Nul A. A(Au) = AAu = A0 =0.

. . . L. 13 6 6 39
Ex 1 Find an explicit description of Nul A where A = 6 12 13 0 3}.
. 4136 6 390 (1)/3(1 2 2 130
Sol Row reduction to solve Ax = 0; {6 12 13 0 3 0} {6 1213 0 3 0}

1221 3 0
001-6 —-15 0

12013 33 0
00 1-6 —-150

~J

] L (1)=2(2) [

|

(2)—6(1) [

Hence Ax=0 & { o1+ 2wy + 134 + 3325 =0 . X9, x4, s are free so the sol. is
rs — 6.%‘4 — 15.’175 =0
I1 —2.’172 — 13.%‘4 — 33.’175 -2 —13 —33
I 9 1 0 0
I3 = 6.I‘4+ 15.’175 = T2 0 + 24 6 + x5 15
T4 Tra 0 1 0
Is Is 0 0 1

Hence Nul A = Span{u, v, w}, is the span of the three vectors u, v, w above.
Question: u, v, w obtained in this way are automatically linearly independent. Why?

-2 —13 —33 0
1 0 0 0
C2 0 + ¢4 6 + c5 15 =10 = :?, Cq :?, cs =7
0 1 0 0
0 0 1 0

The column space of an mxn matrix A = [a; --- a, ] is the set of all linear combi-
nations of its column vectors; Col A=Span{ay,---,a,}={y; y=Ax, for some x}.
Th The column space of an m x n matrix A is a subspace of R™.

Pf In the previous section we showed that the span of any set of vectors is a subspace.

1 2 0 4

. 2 4 -1 3

Ex 2 Describe the column space of A =[a; a; az a4 = 5 6 92 99
Sol Col A = Span{a;,as,as,as}. 48 0 16

Ex 2 continued Are the columns of A linearly independent?
Sol The columns are linearly dependent if Ax = 0 only has a nontrivial solution.
Row reduction on the augmented matrix gives that xo, x4 are free variables;

12 0 40 12 0 40 1 2040

24-1 30 00-1-50 00150 :{m1+2m2 4+ 4x4=0
36 2220 00 2100 000O00O0 T3+ 514 =0
(4 8 016 0 00 0 0O [0 0000

K3 —2L9—4xy -2 —47 i.e. Ax=0 has infinitely many solutions
To To 1 0 so the columns are linearly dependent.
mg} Tl sme |72 0 |77 5| ifas =1, 24 =0 then —2a, +ay = 0
| 24 T4 0 | 1 if zo=0, z4=1 then —4a; —5az+as;=0

—



Quest Can we find a linearly independent subset of {a;,as, a3, a4} that span Col A?
Using the linear dependency relations —2a; +a;=0 and —4a; — baz3 + a;=0
we see that a; = 2a; and a4 = 4a; + bas. If y € Span{a,,as,as, a4} then y =
ci1a; + coas + czag + c4ag =7a;+7a3. Do {a;, a3} span? Are they linearly indep.?



