
Le
ture 10: 4.2 Null spa
e and Column spa
e..The null spa
e of an m�n matrix A is the set of all solutions of the homogeneousequation Ax = 0; Nul A = fx 2 Rn; Ax = 0g.Th The null spa
e of an m� n matrix A is a subspa
e of Rn.Pf We must verify the three properties (a), (b), (
) in the de�nition of subspa
e.(a) 0 2 Nul A sin
e A0 = 0.(b) If u;v 2 Nul A, show that u+ v 2 Nul A. A(u+ v) = Au+Av = 0+ 0 = 0.(
) If u 2 Nul A, show that �u 2 Nul A. A(�u) = �Au = �0 = 0.Ex 1 Find an expli
it des
ription of Nul A where A = � 3 6 6 3 96 12 13 0 3 �.Sol Row redu
tion to solve Ax = 0; � 3 6 6 3 9 06 12 13 0 3 0 � �(1)=3 � 1 2 2 1 3 06 12 13 0 3 0 ��(2)�6(1)� 1 2 2 1 3 00 0 1�6 �15 0 � �(1)�2(2)� 1 2 0 13 33 00 0 1�6 �15 0 �Hen
e Ax=0 , �� x1 + 2x2 + 13x4 + 33x5 = 0x3 � 6x4 � 15x5 = 0 . x2; x4; x5 are free so the sol. is26664x1x2x3x4x5
37775 = 26664�2x2 � 13x4 � 33x5x26x4 + 15x5x4x5

37775 = x2 26664�21000
37775+ x4 26664�130610

37775+ x5 26664�3301501
37775Hen
e Nul A = Spanfu;v;wg, is the span of the three ve
tors u;v;w above.Question: u;v;w obtained in this way are automati
ally linearly independent.Why?
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5 =?The 
olumn spa
e of anm�nmatrix A = [a1 � � � an ℄ is the set of all linear 
ombi-nations of its 
olumn ve
tors; Col A=Spanfa1; � � � ; ang=fy; y=Ax; for some xg.Th The 
olumn spa
e of an m� n matrix A is a subspa
e of Rm.Pf In the previous se
tion we showed that the span of any set of ve
tors is a subspa
e.Ex 2 Des
ribe the 
olumn spa
e of A = [a1 a2 a3 a4 ℄ = 264 1 2 0 42 4 �1 33 6 2 224 8 0 16375Sol Col A = Spanfa1; a2; a3; a4g.Ex 2 
ontinued Are the 
olumns of A linearly independent?Sol The 
olumns are linearly dependent if Ax = 0 only has a nontrivial solution.Row redu
tion on the augmented matrix gives that x2; x4 are free variables;264 1 2 0 4 02 4�1 3 03 6 2 22 04 8 0 16 0375�264 1 2 0 4 00 0 �1�5 00 0 2 10 00 0 0 0 0375�264 1 2 0 4 00 0 1 5 00 0 0 0 00 0 0 0 0375)�� x1 + 2x2 + 4x4 = 0x3+ 5x4 = 0 )264x1x2x3x4 375=264�2x2�4x4x2�5x4x4 375=x2264�2100 375+x4264�40�51 375 i.e. Ax=0 has in�nitely many solutionsso the 
olumns are linearly dependent.if x2 = 1, x4 = 0 then �2a1 + a2 = 0if x2=0, x4=1 then �4a1�5a3+a4=01



2Quest Can we �nd a linearly independent subset of fa1; a2; a3; a4g that span Col A?Using the linear dependen
y relations �2a1 + a2=0 and �4a1 � 5a3 + a4=0we see that a2 = 2a1 and a4 = 4a1 + 5a3. If y 2 Spanfa1; a2; a3; a4g then y =
1a1 + 
2a2 + 
3a3 + 
4a4 =?a1+?a3. Do fa1; a3g span? Are they linearly indep.?


