
Le
ture 13: 4.4 Coordinate Systems.Re
all that b1; :::;bn form a basis for a ve
tor spa
e V if(i) b1; :::;bn are linearly independent, and (ii) b1; :::;bn span V .The Unique Representation Theorem Let b1; :::;bn be a basis for a ve
torspa
e V . Then for any x 2 V , there is unique set of s
alars 
1; : : : ; 
n su
h that(4.1) x = 
1b1 + � � �+ 
nbn:Pf Sin
e b1; :::;bn span V there are s
alars su
h that (4.1) holds.If there was another set of s
alars d1; : : : ; dn su
h that x = d1b1 + � � � 
nbn then0 = x� x = (
1 � d1)b1 + � � � (
n � dn)bnand sin
e b1; :::;bn are linearly independent it follows that 
1�d1= � � �=
n�dn=0.Suppose B = fb1; :::;bng is a basis. The 
oordinates of x relative to thebasis B (or the B-
oordinates of x) are the weights 
1; � � � ; 
n su
h that x =
1b1 + � � �+ 
nbn. The ve
tor [x℄� = 24 
1...
n 35is 
alled the 
oordinate ve
tor of x (relative to B) or the B-
oordinateve
tor of x. The mapping x! [x℄B is 
alled the 
oordinate mapping (deter-mined by B.)Ex Let B = fb1;b2g, where b1 = � 31 � and b1 = � 01 �, and let E = fe1; e2g, wheree1 = � 10 � and b2 = � 01 �. Let x = � 65 �. Find [x℄B and [x℄E .Sol We 
an write � 65 � = 6 � 10 �+ 3 �01 �so [x℄E = � 65 �. We want to �nd 
1 and 
2 su
h that� 65 � = 
1 � 31 �+ 
2 � 01 �solving the system gives that 
1 = 2 and 
2 = 3. Hen
e [x℄B = � 23 �.One 
an graph this in standard E graph paper and in B graph paper.Note that in the example � 65 � = � 3 01 1 � � 23 �1



2In general for a basis B = fb1; : : : ;bng;x = PB [x℄B ; where PB = [b1 � � � bn ℄and [x℄B the 
oordinate ve
tor. We 
all PB the 
hange-of-
oordinate matrixfrom the standard basis in Rn to the basis B.Ex Find the 
oordinates of x = � 68 � in the basis b1;b2 in the previous example.Sol PB = [b1 b2 ℄ = � 3 01 1 � and P�1B = � 1=3 0�1=3 1 �. Then [x℄B = P�1B x =� 1=3 0�1=3 1 � � 68 � = � 26 �.The 
oordinate mapping allows us to introdu
e 
oordinate systems for unfamiliarve
tor spa
es:Ex Standard basis for the polynomials of degree 2 or less, P2 is f1; t; t2g. We 
anwrite [a+ bt+ 
t2℄B = 24 ab
 35. We say that P2 is isomorphi
 to R3. All ve
tor spa
eoperations in P2 
orresponds to operations in R3, e.g. adding two polynomials(�1+2t�3t2)+(2+3t+5t2) = 1+5t+2t2 
orresponds to adding their 
oordinateve
tors: 24�12�335+ 24 23535 = 24 15235.Th If B = fb1; : : : ;bng is a basis for a ve
tor spa
e V then the 
oordinate mapx! [x℄B is a one-to-one linear transformation from V to Rn.Assume that B is a basis. Show that the set u1; : : : ;up are linearly independent ifand only if f[u1℄B ; : : : ; [up℄Bg are linearly independent.Coordinate ve
tors allow us to asso
iate ve
tor spa
es with subspa
es:Ex Let B = fb1;b2g , b1 = 24 33135, b2 = 24 01335 and H = Spanfb1;b2g. Then x =24 91315352H. Find [x℄B.Sol Find 
1 and 
2 su
h that 
1 24 33135+ 
2 24 01335 = 24 9131535 : Augmented matrix24 3 0 93 1 131 3 1535 � 24 1 0 30 1 40 0 035so 
1 = 3 and 
2 = 4 and hen
e [x℄B = � 34 �.Every ve
tor on H is asso
iated with a unique ve
tor in R2. H is isomorphi
 to R2.Draw the diagram of the net of b1;b2 on H.


