Lecture 14: 4.7 Change of basis. Recall that if B={by,...,b,} is a basis, then
there is a unique way to write any x as x = c¢1by + - -- + ¢, b,,. The vector

C1

= |
"l

is called the B-coordinate vector of x. If by, ..., b,, are vectors in R" then

x = P x|, where Ps=[b; --- b,]
Ex Suppose we have two basis B = {by,bs} and C = {¢1, ca} that are related by
b1 = 301 + 502, bg =cCy+ 202

If [x] 5= [_12}, i.e. x=Db; — 2by, find [x], i.e. (y1,y2) such that x = y1¢1 + yaco.
Sol

[x]o = [b1 — 2bs]; = [b1].—2[b2], = [ [b1]¢ [b2]¢ | [12} - [g H [12} B [”

since [by], = m and [ba], = M

Th Let B = {by,...,b,} and C = {cy,...,c,} be two basis for a vector space V.
Then there is a unique matrix FPe._ 5 such that
x]e = Pees[x]g
The columns of Pz are the C-coordinate vectors of the vectors in the basis B:
Pee=[[bilg -+ [bn]c]
The matrix Pe. g is called the change-of-coordinates matrix from B to C.
Draw the diagram of x € V' and its coordinates in the two basis in R".
The inverse change of variables must satisfy
Ppcc =Pl p,
since Pg.cPc 5 is the identity transformation.
If C is the standard basis £={ey, - ,e,} then the change of coordinates
Peegp=Pg=[by --- b,].
In general one can write
Peep=PecePeep=P; cPeep=P;'Ps

In other words we can express a vector in the there different coordinate systems

Zlcl+"'+chn:y1b1+"'+ynbn:mlel‘l'""l'mnen

and the matrix for the transformation x|z = (y1,...,yn) = [x|o = (21,..., 2n)
can be obtained by first going (y1,...,yn) — (%1,...,%,) and then (z1,...,2,) —
(21, .., 2n). The matrix for the last transformation is easiest obtained as the inverse
of the matrix for (z1,...,2,) = (x1,...,Z,).

Ex Let C1 = |:;:|, Co = |:11:|, and b1 = |:g:|, b2 = |:§:|

Find the change of coordinate matrix from the coordinates in the B = {by,ba}
basis to the coordinates in the C = {c1, co} basis.

-1
B 1 -1 3 4 1 1][3 4 1 3
Sol PceschlpB:L 1} [0 5}:%[2 1] [0 5}:[2 1]

1



5.4 Expressing a linear transformation in terms of different bases.

. . 3

Ex Let L be the line in R? that is spanned by the vector 1

Let T be the linear transformation that projects any vector orthogonally onto L.
Find the matrix A for T' in the standard coordinate system.

Sol We now pick a coordinate system B = {by, by} with by parallel to the line and

b, perpendicular to the line

nefl) we[3]

If x=c1b1 +c2by then T'(x) =c1b;i. Equivalently, if [x],= {21} then [T'(x)] 5= {(S} :
2

160l = Bixs. B |y ]

The matrix B for T in the B coordinate system is hence very simple.
The matrix for A for T in the standard coordinates is more complicated but one
can calculate it from B:

B
x| —— [T(x)]s
1
where Pz = by bz]Z[:l)) 31] andPBlzﬁ[_gl é].Hence
N o _[3 <1][1 0] 13 1] _ 179 3
A= FpBPy _[1 3H0 O]E[—l 3}_E 31



