
Le
ture 14: 4.7 Change of basis. Re
all that if B=fb1; :::;bng is a basis, thenthere is a unique way to write any x as x = 
1b1 + � � �+ 
nbn. The ve
tor[x℄� = 24 
1...
n 35is 
alled the B-
oordinate ve
tor of x. If b1; :::;bn are ve
tors in Rn thenx = PB [x℄B ; where PB = [b1 � � � bn ℄Ex Suppose we have two basis B = fb1;b2g and C = f
1; 
2g that are related byb1 = 3
1 + 5
2; b2 = 
1 + 2
2If [x℄B=� 1�2 �, i.e. x=b1 � 2b2, �nd [x℄C, i.e. (y1; y2) su
h that x = y1
1 + y2
2.Sol[x℄C = [b1 � 2b2℄C = [b1℄C�2 [b2℄C = [ [b1℄C [b2℄C ℄ � 1�2 � = � 3 15 2 � � 1�2 � = � 11 �sin
e [b1℄C = � 35 � and [b2℄C = � 12 �.Th Let B = fb1; : : : ;bng and C = f
1; : : : ; 
ng be two basis for a ve
tor spa
e V .Then there is a unique matrix PC B su
h that[x℄C = PC B [x℄BThe 
olumns of PC B are the C-
oordinate ve
tors of the ve
tors in the basis B:PC B = [ [b1℄C � � � [bn℄C ℄The matrix PC B is 
alled the 
hange-of-
oordinates matrix from B to C.Draw the diagram of x 2 V and its 
oordinates in the two basis in Rn.The inverse 
hange of variables must satisfyPB C = P�1C B;sin
e PB CPC B is the identity transformation.If C is the standard basis E=fe1; � � � ; eng then the 
hange of 
oordinatesPE B = PB = [b1 � � � bn ℄ :In general one 
an writePC B = PC EPE B = P�1E CPE B = P�1C PBIn other words we 
an express a ve
tor in the there di�erent 
oordinate systemsz1
1 + � � �+ zn
n = y1b1 + � � �+ ynbn = x1e1 + � � �+ xnenand the matrix for the transformation [x℄B = (y1; : : : ; yn) ! [x℄C = (z1; : : : ; zn)
an be obtained by �rst going (y1; : : : ; yn) ! (x1; : : : ; xn) and then (x1; : : : ; xn)!(z1; : : : ; zn). The matrix for the last transformation is easiest obtained as the inverseof the matrix for (z1; : : : ; zn) ! (x1; : : : ; xn).Ex Let 
1=� 12 �, 
2=��11 �, and b1 = � 30 �, b2 = � 45 �.Find the 
hange of 
oordinate matrix from the 
oordinates in the B = fb1;b2gbasis to the 
oordinates in the C = f
1; 
2g basis.Sol PC B = P�1C PB = � 1 �12 1 ��1 � 3 40 5 � = 13 � 1 1�2 1 � � 3 40 5 � = � 1 3�2 �1 �1



25.4 Expressing a linear transformation in terms of di�erent bases.Ex Let L be the line in R2 that is spanned by the ve
tor � 31 �.Let T be the linear transformation that proje
ts any ve
tor orthogonally onto L.Find the matrix A for T in the standard 
oordinate system.Sol We now pi
k a 
oordinate system B = fb1;b2g with b1 parallel to the line andb2 perpendi
ular to the lineb1 = � 31 � ; b2 = ��13 �
If x=
1b1+
2b2 then T (x)=
1b1. Equivalently, if [x℄B=� 
1
2 � then [T (x)℄B=� 
10 �:[T (x)℄B = B [x℄B ; B = � 1 00 0 �The matrix B for T in the B 
oordinate system is hen
e very simple.The matrix for A for T in the standard 
oordinates is more 
ompli
ated but one
an 
al
ulate it from B: x A����! T (x)PBx?? x??PB[x℄B B����! [T (x)℄B;where PB = [b1 b2 ℄ = � 3 �11 3 � and P�1B = 110 � 3 1�1 3 �. Hen
eA = PBBP�1B = � 3 �11 3 � � 1 00 0 � 110 � 3 1�1 3 � = 110 � 9 33 1 �


