
Le
ture 15: 3.1 Determinants. As it turns out we 
an 
al
ulate a number 
alleddeterminant for any given n�n matrix that determines if the matrix is nonsingular.2� 2 matri
es By a previous theorem A=� a11 a12a21 a22 � is nonsingular if and onlyif it is row equivalent to the identity I. Assume �rst that a11 6=0.� a11 a12a21 a22 � � (2)� (1)a21=a11 � a11 a120 a22 � a12a21=a11 �=" a11 a120 a11a22 � a21a12a11 #The resulting matrix is nonsingular if and only if a11a22 � a21a12 6= 0. We de�ne(1) det (A) = ���� a11 a12a21 a22 ���� = a11a22 � a21a12Noti
e that this quantity 
hanges sign but the magnitude stays the same if weswit
h the two rows. Sin
e swit
hing two rows leads to row equivalent systems itdoes not e�e
t the invertibility of A. The nonvanishing of (1) in 
ase a21 6= 0 istherefore also equivalent to that A is nonsingular. Furthermore if a11 = a21 = 0then the matrix 
learly singular and determinant de�ned above also vanishes.3� 3 matri
es Let us �rst assume that a11 6= 0.24 a11 a12 a13a21 a22 a23a31 a32 a33 35 � (2)� (1)a21a11(3)� (1)a31a11
26664 a11 a12 a130 a11a22 � a21a12a11 a11a23 � a21a13a110 a11a32 � a31a12a11 a11a33 � a31a13a11

37775 �If we subtra
t a11a32 � a31a12a11a22 � a21a12 times the se
ond row from the third we get26664 a11 a12 a130 a11a22 � a21a12a11 a11a23 � a21a13a110 0 a11a33 � a31a13a11 � a11a32 � a31a12a11a22 � a21a12 a11a23 � a21a13a11
37775This matrix is now row equivalent to the identity if the diagonal elements arenonvanishing, i.e. if their produ
t is nonvanishing:a11 a11a22 � a21a12a11 �a11a33 � a31a13a11 � a11a32 � a31a12a11a22 � a21a12 a11a23 � a21a13a11 �= 1a11��a11a22 � a21a12��a11a33 � a31a13�� �a11a32 � a31a12��a11a23 � a21a13��= a11a22a33 � a11a32a23 � a12a21a33 + a12a31a23 + a13a21a32 � a13a31a22 6= 0We therefore de�nedet (A) = a11a22a33 � a11a32a23 � a12a21a33 + a12a31a23 + a13a21a32 � a13a31a22Sin
e this only 
hanges sign if we swit
h two rows and swit
hing two rows does note�e
t the invertibility we see that the same result is true if any entry in the �rst
olumn is nonvanishing. But if all vanish the matrix is not invertible and det (A)=0.1



2Noti
e now that we 
an write the determinant of a 3�3 matrix in terms of 2�2 ones:det (A) = a11�a22a33 � a32a23�� a12�a21a33 � a31a23�+ a13�a21a32 � a31a22�= a11 ���� a22 a23a32 a33 ����� a12 ���� a21 a23a31 a33 ����+ a13 ���� a21 a22a31 a32 ����= a11 24 a22 a23a32 a33 35� a12 24 a21 a23a31 a33 35+ a13 24 a21 a22a31 a32 35This 
an be interpreted as a11 times the determinant of the 2� 2 matrix obtainedfrom A by deleting the row and 
olumn of a11 minus a12 times the determinant ofthe 2� 2 matrix obtained by deleting the row and 
olumn of a12 plus a13 times thedeterminant of the 2� 2 matrix obtained by deleting the row and 
olumn of a13.Ex Find the determinant of A = 24 1 5 02 4 �10 �2 0 35.Sol det (A) = 1 ���� 4 �1�2 0 ����� 5 ���� 2 �10 0 ����+ 0 ���� 2 �40 �2 ���� = �2� 0 + 0 = �2Def Let A=(aij) be an n�n matrix and let Aij denote the (n�1)�(n�1) matrixobtained from A by deleting the row and 
olumn 
ontaining aij . The 
ofa
tors areCij = (�1)i+j det (Aij)and the determinant is(2) detA = a11C11 + :::+ a1nC1n:The de�nition is re
ursive; it assumes that we already de�ned the (n�1)�(n�1) de-terminants, but we 
an use the de�nition repeatedly to redu
e to 2�2 determinantsthat we de�ned by (1), or we 
an redu
e to 1�1 determinants det (a) = a.The signs above are determined by2664+ � + � � �� + � � � �+ � + �... ... ... . . . 3775It turns out that in fa
t we 
an expand along any row or 
olumn:Th For any i and j we havedetA = ai1Ci1 + :::+ ainCin = a1jC1j + :::+ anjCnjEx Find the determinant below. Sol Expanding along the �rst 
olumn;������� 1 2 3 40 2 1 50 0 2 10 0 3 5 ������� = 1 ������ 2 1 50 2 10 3 5 ������� 0 + 0� 0 = 1 � 2 ���� 2 13 5 ���� = 2(2 � 5� 1 � 3) = 14:Th If A is triangular the determinant is equal to the produ
t of the diagonal elements.Ex ������� 1 2 3 40 2 1 50 0 2 10 0 0 5 ������� = 1 � 2 � 2 � 5 = 20


