
Le
ture 17 Dynami
al systems, linear transformations and eigenve
tors.Ex 1 In a 
ertain town, 30% of the married men get divor
ed ea
h year and 20% ofthe single men get married ea
h year. Suppose that initially there are 8000 marriedmen and 2000 single men. What is the proportion of married as k !1?Sol Let wk = �wk1wk2 � = �number of married men after k yearsnumber of single men after k years � :Let A be the 2� 2 matrix su
h thatwk+1 = Awk;A = 2664 proportion of married proportion of singlethat stays married in a year that gets married in a yearproportion of married proportion of singlethat gets divor
ed in a year that gets married in a year3775 = � 0:7 0:20:3 0:8�w0=� 80002000 �. After the �rst year we getw1=Aw0=� 0:7 0:20:3 0:8 � � 80002000 �=� 60004000 �.After the se
ond year we get w2 = Aw1 = A2w0 and so on:wk = Akw0It seems like as k !1, wk 
onverges: w10=� 40045996 �, w20=� 40006000 �, w30=� 40006000 �.In fa
t, any initial 
ondition will 
onverge to the steady state (4000; 6000)T, forwhi
h the number of divor
es 0:3�4000 is equal to the number of marriages 0:2�6000.If we start with x1=(2; 3)T proportional to the steady state we get ba
k x1:Ax1 = � 0:7 0:20:3 0:8� � 23 � = � 23 � = x1There is another ve
tor x2 = (�1; 1)T that A a
ts on by simply multiplying by 1=2:Ax2 = � 0:7 0:20:3 0:8 � ��11 � = ��1=21=2 � = 12x2The ve
tors x1,x2 form a basis so we 
an write our initial 
ondition in terms of these:w0 = � 80002000 � = 2000 � 23 �� 4000 ��11 � = 2000x1 � 4000x2Then wk = Akw0 = 2000Akx1 � 4000Akx2 = 2000x1 � 4000 12kx2and wk ! 2000x1 = � 40006000 �, as k!1.A s
alar � su
h that Ax = �x for some x 6= 0 is 
alled an eigenvalue and a
orresponding ve
tor x is 
alled an eigenve
tor.We just 
al
ulated Akx for large k using the eigenvalues and eigenve
tors.We express x=
1x1 + 
2x2 in terms of the basis of eigenve
tors Axi=�ixi, i=1; 2.Change of 
oordinates x = P � 
1
2 �, where P = [x1 x2 ℄, so � 
1
2 � = P�1x. ThenAkx = 
1�k1x1+
1�k2x2 = hx1 x2i��k1 00 �k2 �� 
1
2 � = PDkP�1x, whereD = ��1 00 �2 �.Hen
e A = PDP�1 andAk = �PDP�1�k = PDP�1PDP�1 � � �PDP�1 = PDkP�1.1



2Ex 2 Let L be the line in R2 that is spanned by the ve
tor � 31 �.Let T be the linear transformation that proje
ts any ve
tor orthogonally onto L.The matrix for T in the standard 
oordinate system is A = 110 � 9 33 1 �.Find the eigenve
tors and eigenvalues.Sol Sin
e the proje
tion leaves the line invariant the ve
tor x1 = � 31 � must be aneigenve
tor with eigenvalue 1: Ax1 = x1. Moreover, sin
e the orthogonal ve
torx2 = ��13 � is mapped to 0 its also an eigenve
tor with eigenvalue 0: Ax2=0=0�x2.If we express If x=
1x1+
2x2, in terms of the basis of eigenve
tors then Ax = 
1x1.Change of 
oordinates x = P � 
1
2 �, where P = [x1 x2 ℄ = � 3 �11 3 �, and � 
1
2 �=P�1x, where P�1 = 110 � 3 1�1 3 �.Hen
e Ax = 
1x1 = [x1 x2 ℄ � 1 00 0 � � 
1
2 � = PDP�1, where D = � 1 00 0 �.The matrix D for T in the B = fx1;x2g 
oordinate system is hen
e very simple.The matrix for A for T in the standard 
oordinates is more 
ompli
ated. Thefollowing diagram 
ommute
1x1 + 
2x2 = x A����! Ax = 
1x1Px?? x??P� 
1
2 � = [x℄B D����! [Ax℄B = � 
10 �;Ex 3 Let T be the linear transformation rotating a ve
tor an angle �. The matrixfor T is A = � 
os � � sin �sin � 
os � �. Find the eigenve
tors and eigenvalues of T .Sol Unless � is a multiple of � it does not have any real eigenvalues and eigenve
tors.If � is a multiply of � the eigenvalues are �1.


