
Le
ture 19: 5.3 Diagonalization.We will show that some square matri
es A 
an be fa
torized A = PDP�1,where D is diagonal (i.e. the entries o� the main diagonal are all zeros).This 
an be used to 
ompute Ak, for large k, whi
h is useful in the appli
ations.(If multiplying by A represents the evolution of a system during one time unit thenmultiplying by Ak represents the evolution after k time units)Ex Let D = � 5 00 4 �. Compute D2, D3 and Dk.Sol D2 = � 5 00 4 � � 5 00 4 � = � 52 00 42 �, D3 = DD2 = � 5 00 4 � � 52 00 42 � = � 53 00 43 �,Dk= � 5k 00 4k �Ex Let A = � 6 �12 3 �. Compute Ak.Use that A = PDP�1, where D = � 5 00 4 �, P = � 1 11 2 �, P�1 = � 2 �1�1 1 �.Sol We have A2 = PDP�1PDP�1 = PDIDP�1 = PD2P�1,Ak = PDkP�1 = � 1 11 2 � � 5k 00 4k � � 2 �1�1 1 � = � 2 � 5k � 4k �5k + 4k2 � 5k � 2 � 4k �5k + 2 � 4k �A square matrix A is 
alled diagonalizable if it 
an be written A = PDP�1,where D is diagonal and P is invertible.When is A diagonalizable and if it is how do we �nd D and P?The answer lies in the eigenvalues and eigenve
tors.Note that � 6 �12 3 � � 11 � = 5 � 11 � ; � 6 �12 3 � � 12 � = 4 � 12 � :so the 
olumns of P are made out of the eigenve
tors of A and the diagonal entriesof D are the eigenvalues of A. We 
an put this to equations together in one matrixequation: � 6 �12 3 � � 1 11 2 � = � 5 45 8 � = � 1 11 2 � � 5 00 4 � ;i.e. � 6 �12 3 � = � 1 11 2 � � 5 00 4 � � 1 11 2 ��1 ;In general if A is an n�nmatrix with n linearly independent eigenve
tors v1; : : : ;vnand eigenvalues �1; : : : ; �n thenA [v1 � � � vn ℄ = [Av1 � � � Avn ℄ = [�1v1 � � � �nvn ℄ = [v1 � � � vn ℄24�1 0. . .0 �n 35and hen
e A = [v1 � � � vn ℄24�1 0. . .0 �n 35 [v1 � � � vn ℄�11



2Diagonalization Theorem An n� n matrix is diagonalizable A if and only if ithas n linearly independent eigenve
tors.Ex If possible, diagonalize A = 24 2 0 01 2 1�1 0 135.Sol The eigenvalues det (A� �I) = ������ 2� � 0 01 2� � 1�1 0 1� � ������ = (2� �)2(1� �) = 0.Basis for � = 1: v1 = 24 0�11 35.Basis for � = 2: v2 = 24 01035, v3 = 24�101 35.Constru
t P = [v1 v2 v3 ℄ = 24 0 0 �1�1 1 01 0 1 35, D = 24 1 0 00 2 00 0 235. A = PDP�1.Ex If possible, diagonalize A = 24 2 4 60 2 20 0 435.Sol The eigenvalues det (A� �I) = (�� 2)2(�� 4) = 0.Basis for � = 2: v1 = 24 10035.Basis for � = 4: v2 = 24 51135.There are not three linearly independent eigenve
tors so A 
an not be diagonalized.Th If �1; : : : ; �n are distin
t eigenvalues of an n� n matrix A with 
orrespondingeigenve
tors v1; : : : ;vn, then v1; : : : ;vn are linearly independent.Th If A is symmetri
 matrix AT=A then A has n linearly independent Eigenve
tors.


