
Le
ture 20: 5.4-5.6.5.4 Expressing a linear transformation in terms of di�erent bases.Ex 2 Let L be the line in R2 that is spanned by the ve
tor � 31 �.Let T be the linear transformation that proje
ts any ve
tor orthogonally onto L.Find the matrix A for T in the standard 
oordinate system.Sol Sin
e the proje
tion leaves the line invariant the ve
tor x1 = � 31 � must be aneigenve
tor with eigenvalue 1: Ax1 = x1. Moreover, sin
e the orthogonal ve
torx2 = ��13 � is mapped to 0 its also an eigenve
tor with eigenvalue 0: Ax2=0=0�x2.If we express If x=
1x1+
2x2, in terms of the basis of eigenve
tors then Ax = 
1x1.Change of 
oordinates x = P � 
1
2 �, where P = [x1 x2 ℄ = � 3 �11 3 �, and � 
1
2 �=P�1x, where P�1 = 110 � 3 1�1 3 �.Hen
e Ax = 
1x1 = [x1 x2 ℄ � 1 00 0 � � 
1
2 � = PDP�1, where D = � 1 00 0 �.The matrix D for T in the B = fx1;x2g 
oordinate system is hen
e very simple.The matrix for A for T in the standard 
oordinates is more 
ompli
ated. Thefollowing diagram 
ommute
1x1 + 
2x2 = x A����! Ax = 
1x1Px?? x??P� 
1
2 � = [x℄B D����! [Ax℄B = � 
10 �;Hen
e A = PDP�1 = � 3 �11 3 � � 1 00 0 � 110 � 3 1�1 3 � = 110 � 9 33 1 �
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25.5 Complex Eigenvalues.Ex 3 Find the eigenvalues and eigenve
tors of A = � 1 1�1 1 �.Sol The eigenvalues are and eigenve
tors are 
omplex:det (A� �I) = ���� 1� � 1�1 1� � ���� = (1� �)2 + 12 = (1� �� i)(1� �+ i) = 0;so the matrix 
an not be diagonalized. This is the matrix for a rotation with s
aling:A = � 1 1�1 1 � = p2 � 1=p2 1=p2�1=p2 1=p2 � = p2 � 
os � � sin �sin � 
os � �, where � = �=4.Other examples of matri
es with 
omplex eigenvalues are obtained by making a
hange of basis: B = PAP�1 = � 1 11 2 � � 1 1�1 1 � � 2 �1�1 1 � = ��2 2�5 4 �.5.6 Dis
rete Dynami
al Systems.Ex Denote the owl and rat population at time k by xk = �OkRk �. SupposeOk+1 = 0:5Ok + 0:4RkRk+1 = �pOk + 1:1Rkwhere p = 0:104, or xk+1 = Axk, where A = � 0:5 0:4�:104 1:1 �. The eigenvalues forthe matrix A are �1 = 1:02 and �2 = 0:58 and the eigenve
tors are v1 = � 1013 �,v2 = � 51 �. An initial x0 
an be written x0 = 
1v1 + 
2v2. Then for k � 0xk = 
1Akv1 + 
2Akv2 = 
1�k1v1 + 
2�k2v2 = 
1(1:02)k � 1013 �+ 
2(0:58)k � 51 �As k be
omes large the �rst state will dominate and the other will go to 0 unlessthe initial 
onditions are su
h that 
1=0 in whi
h 
ase the whole solution goes to 0.


