Lecture 21: 6.1 Inner product, Length and Orthogonality.

€1 -| "
The inner product or dot product between two vectors x= { - jandy= {
o)

Y1
X'y:XTy:[xl ajn] =X1Y1+ -+ TnYn.
Yn
The length of the vector x is [|x|| = /x-x = /zi + -+ 22

We know this is the Euclidean length in two dimensions by the Phytagorean law.
The distance between x and y is dist(x,y) = ||y — x||.

Two vectors x and y are called orthogonal if x -y = 0.

If x is perpendicular to y then it is perpendicular to —y and dist(x,y) = dist(x, —y):
dist(x,y) = [[x—y[|* = (x—y):(x—y) = xx+yy—xy-yx = [x]*+][y[]* 2%y,
dist(x, —y) = |x + yl|? = |x]2 + |y]2 + 2x - y.

It follows that x-y = 0 if x and y are perpendicular so it is the same as orthogonal.
The Pythagorean law: ||x|* + [|y||> = ||x — y||* if and only if x -y = 0.

z is said to be orthogonal to a subspace W if it is orthogonal to every vector in W.
The set of all vectors z that are orthogonal to a subspace W C R"™ is called the
orthogonal complement of W and is denoted by W+,

Wt={zcR" z-y=0, forevery yec W}

Ex If W is plane through the origin in R? and L is the line through the origin per-
pendicular to W, then W+ = L. In fact, clearly L C W since L is perpendicular
to W and any vector not in L is not perpendicular to W. Similarly L+ = W.

Ex If V ={xe R x=qa(l,1,1), for some a} then V1 = {y € R3; a(1,1,1) -
y =0, for every a} ={y € R3; y; + y2 +y3 = 0}.

(1) If W= Span{vy,...,v;} thenz € Wt ifand only if z-v; = --- =z - v} = 0.
2) W+ is a subspace.
(2) p

Th Let A be an mxn matrix. Then (Row A)t= Nul A and (Col A)* = Nul AT.
Pf If x € Nul A then

. =1.1, Ax = = 1.
rm— Lx * - %] L, 0 Iy X 0
so x is orthogonal to Row , A since its orthogonal to rqy,...,r,,.
1 0 -1 0 1
Ex Let A = {2 0 _2]. Basis for NulA = | 1|, | 0], so Nul A is a plane in
0 1

) |
R2. Basis for Row A = { 0 | so Row A is a line in R3. Basis for Col A = [”, SO
1]

Col A is a line in R2. Basis for Nul AT = {_2} . so Nul AT is a line in R2.
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6.2 Orthogonal Sets.
A set of vectors {ui,...,u,} in called and orthogonal set if u; - u; = 0 when i#j.

Ex Show that u; = {11-‘ , Ug = H-‘ , Uz = [8-‘ is an orthogonal set? Sol:
o] Lo) L)

u;-uy =1-14+-1-140-0 =0, wu;-uz =1-0+-1-0+40-1 =0, wug-uz=1-0+1-04+0-1=0

Th Suppose that S ={uy,...,u,} is an orthogonal set of nonzero vectors in R"
and W= Span{uy,...,u,}. Then S is a linearly independent set and a basis for W.
Pf Suppose

ciug + coug + -+ -+ cpu, = 0,

(c1us + cous + -+ + cpu,) - uy =0,
ciug - up +coug - ug + -+ cpuy - ug = 0,
(51111'111:0,

c1 =0 since u;y - u; >0. Similarly cg=---=¢, =0, so S is a linearly independent set.



