
Le
ture 21: 6.1 Inner produ
t, Length and Orthogonality.The inner produ
t or dot produ
t between two ve
tors x=24 x1...xn 35 and y=264 y1...yn 375 isx � y = xTy = [x1 � � � xn ℄264 y1...yn 375 = x1y1 + � � �+ xnyn:The length of the ve
tor x is kxk = px � x =px21 + � � �+ x2nWe know this is the Eu
lidean length in two dimensions by the Phytagorean law.The distan
e between x and y is dist(x;y) = ky � xk.Two ve
tors x and y are 
alled orthogonal if x � y = 0.If x is perpendi
ular to y then it is perpendi
ular to�y and dist(x;y) = dist(x;�y):dist(x;y) = kx�yk2 = (x�y)�(x�y) = x�x+y�y�x�y�y�x = kxk2+kyk2�2x�y,dist(x;�y) = kx+ yk2 = kxk2 + kyk2 + 2x � y.It follows that x �y = 0 if x and y are perpendi
ular so it is the same as orthogonal.The Pythagorean law: kxk2 + kyk2 = kx� yk2 if and only if x � y = 0.z is said to be orthogonal to a subspa
e W if it is orthogonal to every ve
tor in W .The set of all ve
tors z that are orthogonal to a subspa
e W � Rn is 
alled theorthogonal 
omplement of W and is denoted by W?.W? = fz 2 Rn; z � y = 0; for every y 2WgEx If W is plane through the origin in R3 and L is the line through the origin per-pendi
ular to W , then W? = L. In fa
t, 
learly L � W? sin
e L is perpendi
ularto W and any ve
tor not in L is not perpendi
ular to W . Similarly L? = W .Ex If V = fx 2 R3; x = �(1; 1; 1); for some �g then V ? = fy 2 R3; �(1; 1; 1) �y = 0; for every �g = fy 2 R3; y1 + y2 + y3 = 0g.(1) If W = Spanfv1; : : : ;vkg then z 2W? if and only if z � v1 = � � � = z � vk = 0.(2) W? is a subspa
e.Th Let A be an m�n matrix. Then (RowA)?= NulA and (ColA)?= NulAT .Pf If x 2 NulA thenr1 !r2 !...rm ! 2664 � � � � � �� � � � � �... ... . . . ...� � � � � �37752664 x1x2...xn 3775 = 2664 00...03775 ; Ax = 2664 r1 � xr2 � x...rm � x3775 = 2664 00...03775so x is orthogonal to Row ; A sin
e its orthogonal to r1; : : : ; rm.Ex Let A = � 1 0 �12 0 �2 �. Basis for NulA = 24 01035 ;24 10135, so NulA is a plane inR3. Basis for RowA = 24 10�135 so RowA is a line in R3. Basis for ColA = � 12 �, soColA is a line in R2. Basis for NulAT = ��21 �, so NulAT is a line in R2.1



26.2 Orthogonal Sets.A set of ve
tors fu1; : : : ;upg in 
alled and orthogonal set if ui � uj = 0 when i 6=j.Ex Show that u1 = 24 1�10 35, u2 = 24 11035, u3 = 24 00135 is an orthogonal set? Sol:u1�u2 = 1�1+�1�1+0�0 = 0; u1�u3 = 1�0+�1�0+0�1 = 0; u2�u3 = 1�0+1�0+0�1 = 0Th Suppose that S = fu1; : : : ;upg is an orthogonal set of nonzero ve
tors in Rnand W = Spanfu1; : : : ;upg. Then S is a linearly independent set and a basis for W .Pf Suppose 
1u1 + 
2u2 + � � �+ 
pup = 0;�
1u1 + 
2u2 + � � �+ 
pup� � u1 = 0;
1u1 � u1 + 
2u2 � u1 + � � �+ 
pup � u1 = 0;
1u1 � u1 = 0;
1=0 sin
e u1 � u1>0. Similarly 
2= � � �=
p=0, so S is a linearly independent set.


