
Le
ture 22: 6.2 
ont.An orthogonal basis fu1; : : : ;upg for a subspa
e W is a basis that is also orthog-onal, i.e. ui � uj = 0, whenever i 6= j.Th If S = fu1; : : : ;upg is an orthogonal basis for a subspa
e W and y 2W , theny = 
1u1 + 
2u2 + � � �+ 
pup; where 
i = y � uiui � uiPfy�u1 = �
1u1+
2u2+� � �+
pup��u1 = 
1u1 �u1+
2u2 �u1+� � �+
pup �u1 = 
1u1 �u1Hen
e 
1 = u1 � yu1 � u1 and similarly 
2 = u2 � yu2 � u2 ; � � � 
p = up � yup � upEx Write y=24 37435 as a linear 
ombination of u1=24 1�10 35, u2=24 11035, u3=24 00135.Sol Sin
e fu1;u2;u3g is and orthogonal basis it follows from the previous theoremthat y=
1u1 + 
2u2 + 
3u3, where
1 = u1 � yu1 � u1 = �2; 
2 = u2 � yu2 � u2 = 5; 
3 = u3 � yu3 � u3 = 4Hen
e y = �2u1 + 5u2 + 4u3.We will now 
al
ulate the orthogonal proje
tion of y onto u.It is a ve
tor by = �u in the dire
tion of u, su
h that y � by is orthogonal to u:(y � �u) � v = 0 , y � u� �u � u = 0 , � = y � uu � uThe orthogonal proje
tion of y onto u is the ve
tor by = y � uu � uu. We 
an writey = by + zwhere z is 
alled the 
omponent orthogonal to u.Ex Let y = ��84 � and u = � 31 �. Find the orthogonal proje
tion by of y onto u.Write y as a ve
tor parallel to u and a ve
tor perpendi
ular to u.Compute the distan
e from y to the line through 0 and u.Sol by = y � uu � u = �24 + 410 � 31 � = ��6�2 �. y = by + �y � by� We have by � y = � 2�6 �so kby � yk = p22 + 62 = p40.A set of ve
tors fu1; : : : ;upg is 
alled orthonormal if it is a orthogonal set ofunit ve
tors i.e. ui � uj = Æij = � 0; if i 6= j1; if i = jIf W = Spanfu1; : : : ;upg then fu1; : : : ;upg is an orthonormal basis for W .Re
all that v is a unit ve
tor if kvk = pv � v = 1.1



2Suppose that U=[u1 u2 u3 ℄, where fu1;u2;u3g is an orthonormal set. ThenUTU = 24uT1uT2uT3 35 [u1 u2 u3 ℄ = 24uT1 � u1 uT1 � u2 uT1 � u3uT2 � u1 uT2 � u2 uT2 � u3uT3 � u1 uT3 � u2 uT3 � u3 35 = 24 1 0 00 1 00 0 135 :A matrix su
h that UTU = I is 
alled orthogonal (not orthonormal)U is orthogonal if and only if the 
olumns are orthonormal.We have that multiplying by an orthogonal matrix preserves lengths and anglesbetween ve
tors sin
e (Ux) � (Uy) = (Ux)TUy = xTUTUy = xT Iy = xTy = x � y6.3 Orthogonal sets.Ex Suppose that fu1;u2;u3g is an orthogonal basis forR3 and letW = Spanfu1;u2g.Write y = by+ z, where y 2W and z 2W?, i.e. z is perpendi
ular to every ve
torin W , i.e z � u1 = 0 = z � u2.Sol By a previous theorem we 
an write y = y � u1u1 � u1u1 + y � u2u2 � u2u2 + y � u3u3 � u3u3Let by = y � u1u1 � u1u1 + y � u2u2 � u2u2. Then by 2 W and z = y � u3u3 � u3u3 is orthogonal toW , sin
e z � u1 = z � u2 = 0.by is 
alled the proje
tion of y onto WEx Let W = Spanfu1;u2g, where u1 = 24 30135, u2 = 24 01035, and let y = 24 031035.Write y = by + z, where by 2W and z 2W?.Sol Sin
e fu1;u2g is an orthogonal basis it follows thatby = y � u1u1 � u1 + y � u2u2 � u2 = 1010 24 30135+ 31 24 01035 = 24�309 35 :z = y � by = 24 031035� 24�309 35 = 24 33135


