
Le
ture 23: 6.3 Cont.The orthogonal de
omposition theorem Let W be a subspa
e of Rn andsuppose that fu1; : : : ;upg is an orthogonal basis for W . Any y 2 Rn 
an bewritten uniquely as y = by + z;where by = y � u1u1 � u1u1 + � � �+ y � upup � upupand z = y � by 2 W?, the orthogonal 
omplement W? = fz 2 Rn; z � u1 =0; : : : ; z �up=0g. by = projWy is 
alled the orthogonal proje
tion of y onto W .Th Suppose that fu1; : : : ;upg is an orthonormal basis for W , i.e. ui�uj = Æij . ThenprojWy = (y � u1)u1 + � � �+ (y � up)upThe best approximation theorem Let W be a subspa
e of Rn, y a ve
tor andby be the orthogonal proje
tion of y onto W . Then by is the point in W 
losest to y:ky � byk < ky � vk; v 2W; v 6= by:Pf We 
an write y � v = y � by + by � vwhere y�by 2W? and by�v 2 W are orthogonal. Hen
e by the Pythagorean theorem:jjy� vk2 = ky � byk2 + kby � vk2 > ky � byk2:Ex Find the 
losest point to y=264 240�2375 to W = Spanfu1;u2g, u1=264 1100375, u2=264 0011375.Sol: by = y � u1u1 � u1u1 + y � u2u2 � u2u2 = 3264 1100375+ (�1)264 0011375 = 264 33�1�1375.
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26.4 The Gram-S
hmidt Orthogonalization Pro
ess.In this se
tion we will learn a pro
ess for 
onstru
ting an orthonormal basis forsubspa
e W of Rn. We start with any basis fx1; � � � ;xng for W and from it wewill use proje
tions to 
onstru
t an orthonormal basis fu1; � � � ;upg for W .We will 
onstru
t the ui's indu
tively so that fu1; � � � ;ukg are orthonormal andSpan(u1; � � � ;uk) = Span(x1; � � � ;xk) =Wkfor k = 1; :::; p. To begin the pro
ess, letu1 = 1kx1k x1Then Span(u1) = Span(x1), sin
e u1 is a multiple of x1 and ku1k = 1.Let p2 be the proje
tion of x2 onto Span(x1) = Span(u1), i.e.p2 = hx2;u1iu1; x2 � p2 2 Span(u1)?Then x2 � p2 6= 0 sin
e x2 =2 Span(u1). If we setu2 = 1kx2 � p2k (x2 � p2)then u2 is a unit ve
tor orthogonal to Span(u1) and Span(u1;u2) = Span(x1;x2).To 
onstru
t u3 let p3 be the proje
tion of x3 into Spanfu1;u2g:p3 = hx3;u1iu1 + hx3;u2iu2and set u3 = 1kx3 � p3k �x3 � p3�In general we de�ne uk re
ursively byuk+1 = 1kxk+1 � pk+1k �xk+1 � pk+1�where pk+1 = hxk+1;u1iu1 + � � �+ hxk+1;ukiukis the proje
tion of xk+1 onto Span(u1; � � � ;uk).This pro
edure, 
alled theGram-S
hmidt orthogonalization pro
ess yields anorthonormal basis fu1; � � � ;ukg for W .Ex Find an orthonormal basis for the plane F = fx 2 R3; x1 + x2 + x3 = 0g.Sol x1 = (1;�1; 0)T and x2 = (1; 0;�1)T are two ve
tors in the plane. First letu1 = 1kx1k x1 = 1p2 24 1�10 35



3Then let p2 = hx2;u1iu1 = 1p2 1p2 24 1�10 35 = 12 24 1�10 35Sin
e x2 � p2 = 12 24 11�235we get u2 = 1kx2 � p2k �x2 � p2� = 1p6 24 11�235One 
an also use the Gram-S
hmidt pro
ess to obtain the so 
alled QR fa
torizationof a matrix A = QR, where the 
olumn ve
tors of Q are orthonormal and R isupper triangular. In fa
t if A is an m � n matrix su
h that the n 
olumn ve
torsof A = �x1 � � �xn� form a basis we 
an perform the Gram-S
hmidt pro
ess onthese to obtain an orthonormal basis fu1; � � � ;ung su
h that Span�u1; � � � ;uk� =Span�x1; � � � ;xk�, for k = 1; :::; n. Hen
e for some 
onstants rijxk = r1ku1 + � � �+ rkkuk + 0uk+1 + � � �0un; k = 1; :::; n:Let R be the upper triangular matrix with 
olumn ve
tors de�ned by
R = �r1 � � �rn�; where rk = 2666664 r1k�rkk0�0

3777775 ;and let Q = �u1 � � �un�. ThenQrk = r1ku1 + � � �+ rkkuk = xkand hen
e QR = �Qr1 � � �Qrn� = �x1 � � �xn� = A:Note in prin
iple one 
an 
al
ulate what R from the Gram-Smith pro
ess, but it issimpler to get R just from using that A = QR so sin
e QTQ = I andR = QIQR = QTA:Ex Find the QR fa
torization of A = 24 1 21 20 335.Sol Use Gram S
hmidt on the 
olumns of A to �nd and orthonormal basis andfrom 
onstru
t Q = 24 1=p2 01=p2 00 135. From it let R = QTA = � � � = �p2 2p20 3 �.


