
Le
ture 25: 6.7-6.8: Inner produ
ts and Fourier series.Def An inner produ
t on a ve
tor spa
e is a fun
tion that for ea
h pair of ve
torsgives a real number: V 3 x;y ! hx;yi 2 R, satisfying:(i) hx;xi � 0 with equality if and only if x = 0.(ii) hx;yi = hy;xi.(iii) h�x+ �y; zi = �hx; zi+ �hy; zi.Ex 1 x;y 2 Rn and hx;yi = xTy = x1y1 + � � �+ xnyn.Ex 2 x;y 2 Rn and hx;yi = x1y1w1+ � � �+xnynwn, where wi > 0, for i = 1; ::::; n.Ex 3 f; g 2 C[a; b℄, the 
ontinuous fun
tions on the interval [a; b℄, andhf; gi = Z ba f(x)g(x) dxDef x and y are orthogonal if hx;yi = 0.Def The norm is kxk =phx;xi.Note that Phytagorean law holds: kx+ yk2 = kxk2 + kyk2, if hx;yi = 0.This follows sin
e kx+yk2 = hx+y;x+yi = hx;xi+hy;yi+2hx;yi = kxk2+kyk2.Ex 4 V = C[0; 2�℄ is a ve
tor spa
e. Let W be the subspa
e spanned by alltrigonometri
 polynomials up to order n: 1; 
os t; : : : ; 
osnt; sin t; : : : ; sinnt, i.e. W
onsists of all fun
tions of the forma02 + a1 
os t+ � � �+ an 
osnt+ b1 sin t+ � � �+ bn sinntThe basis ve
tors 1; 
os t; : : : ; 
osnt; sin t; : : : ; sinnt, are orthogonal to ea
h other,i.e. Z 2�0 
osmt sinnt dt = 0Z 2�0 
osmt 
osnt dt = 0; if m 6= n; = �; if m = n;Z 2�0 sinmt sinnt dt = 0; if m 6= n = �; if m = n;Using Euler's formulas, 
osmt = eimt + e�imt2 , sinmt = eimt � e�imt2i , the proofredu
es to Z 2�0 eimt dt = 0; if m 6= 0; = �; if m = 0;Question Given f 2 C[0; 2�℄ whi
h is the fun
tion p 2 W 
losest to f , i.e. su
hthat kf � pk is as small as possible? 1



2Answer The orthogonal proje
tion of f onto W .The orthogonal de
omposition theorem LetW be a subspa
e of a ve
tor spa
eV and suppose that fu1; : : : ;upg is an orthogonal basis for W . Any y 2 V 
an bewritten uniquely as y = by + z;where by = hy;u1ihu1;u1iu1 + � � �+ hy;upihup;upiupand z = y � by 2 W?, the orthogonal 
omplement W? = fz 2 Rn; hz;u1i =0; : : : ; hz;upi=0g. by = projWy is 
alled the orthogonal proje
tion of y ontoW .The best approximation theorem Let W be a subspa
e of a ve
tor spa
e V , ya ve
tor and by be the orthogonal proje
tion of y onto W . Then by is the point inW 
losest to y: ky � byk < ky � vk; v 2 W; v 6= by:Pf We 
an write y � v = y � by + by � vwhere y�by 2 W? and by�v 2 W are orthogonal and hen
e by the Pythagoreantheorem: jjy� vk2 = ky � byk2 + kby � vk2 > ky � byk2:The orthogonal proje
tion of f onto W is given bybf = hf ; 1ih1; 1i1 + hf ; 
os tih
os t; 
os ti 
os t+ � � �+ hf ; 
osntih
osnt; 
osnti 
osnt+ hf ; sin tihsin t; sin ti sin t+ � � �+ hf ; sinntihsinnt; sinnti sinnt


