
Le
ture 26: 7.1 Diagonalization of symmetri
 matri
es.Spe
tral Th. If A is a real and symmetri
 n�n matrix then it has an orthonormalset of n eigenve
tors and hen
e 
an be diagonalized by an orthogonal matrix U .U�1AU = D, or A = UDU�1, where D is diagonal and U�1 = UT .Ex Diagonalize A = 24 0 2 �12 3 �2�1 �2 0 35 with an orthogonal transformation.Sol A is symmetri
 so it 
an be diagonalized by an orthogonal transformation.The 
hara
teristi
 polynomialdet (A� �I) = (1 + �)2(5� �)has roots �1 = �2 = �1 and �3 = 5. Computing eigenve
tors we see that v1 = 24 10135and v2 = 24�210 35 form a basis for the eigenspa
e 
orresponding to � = �1. We 
anapply the Gram-S
hmidt pro
ess to obtain an orthonormal basis. Letu1 = v1kv1k = 1p2 24 10135p2 = v2 � u1 u1 = �p2u1 = 24�10�135v2 � p2 = 24�111 35u2 = v2 � p2kv2 � p2k = 1p3 24�111 35The eigenspa
e 
orresponding to �3 = 5 is spanned by v3 = 24�1�21 35 and we setu3 = v3kv3k = 1p6 24�1�21 35Hen
e A = UDUT whereU = [u1 u2 u3 ℄ = 24 1=p2 �1=p3 �1=p60 1=p3 �2=p61=p2 1=p3 1=p6 35 ; D = 24�1 0 00 �1 00 0 535 :Th Eigenve
tors belonging to distin
t eigenvalues of a symmetri
 matrix are or-thogonal. The eigenvalues of a symmetri
 matrix are real.Pf .... 1


