
Le
ture 7: 2.1 Matrix algebra. An m� n matrix A is a 
olle
tion of numbers(
alled entries) [ aij ℄1�i�m; 1�j�n j th 
olumnA = 26666664 a11 ::: a1j ::: a1n...ai1 ::: aij ::: ain...am1 ::: amj ::: amn
37777775 i th row

we often write it in terms of 
olumn ve
tors: A = [a1 � � � an ℄ ; aj = 264 a1j...amj 375or just A = [ aij ℄. We will use the notation (A)ij to denote the (i; j)th entry aij.If A and B are two m�n matri
es the sum A+B is the m�n matrix whose (i; j)the entry is the sum of the entries at the 
orresponding pla
es in A and B(A+ B)ij = (A)ij + (B)ijEx � 1 23 4 �+ � 0 1�3 2 � = � 1 + 0 2 + 13� 3 4 + 2 � = � 1 30 6 �The s
alar multipli
ation �A is the m � n matrix whose (i; j) the entry is theprodu
t of � and the entry at the 
orresponding pla
e in A(�A)ij = �(A)ijEx 3 � � 1 2 34 5 6 � = � 3 � 1 3 � 2 3 � 33 � 4 3 � 5 3 � 6 � = � 3 6 912 15 18 �The zero matrix is 0 = 264 0 0 0 00 0 0 00 0 0 00 0 0 0375The addition satisfy A+ B = B + A, A+ 0 = 0 et
. sin
e we are just adding theentries at the same pla
e and this is true for real numbers.
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2Composition of linear maps and matrix produ
t. One is often interested in
omposing transformations i.e. one �rst perform one transformations and thenanother to the result of the �rst, e.g. if we �rst rotate a ve
tor and then s
alethe resulting ve
tor or rotate it again. If the transformations involved are linearthen the 
omposite transformation is also linear and one would like to 
al
ulate thematrix for the 
omposite transformation from those of the involved transformations.Suppose that A is an m� n matrix and B is an p� n matrix. Then multipli
ationby B de�nes a map Rp 3 x ! Bx 2 Rn and multipli
ation by A de�nes a mapRn 3 y! Ay 2 Rm and multipli
ation by �rst B and then Ax multiply by B���������! Bx multiply by A���������! A(Bx)de�nes a map Rp 3 x! A(Bx) 2 Rm. We want to de�ne the matrix produ
t ABto be the m� p matrix that represents this map so that (AB)x = A(Bx):x multiply by AB�����������������! (AB)x = A(Bx)Another way to formulate this is to say that we want the matrix multipli
ation tobe de�ned so it is asso
iative, i.e. (AB)x = A(Bx), it shouldn't matter if you�rst 
al
ulate Bx and then A(Bx) or if you �rst 
al
ulate AB and then (AB)x.Question: How 
an we �nd the matrix for the 
omposition of linear maps if weknow the matri
es for the maps themselves? Let us 
al
ulate A(Bx) and seeBx = [b1 � � � bp ℄24 x1...xn 35 = Bx = x1b1 + � � �+ xpbp:and hen
e by linearityA(Bx) = A�x1b1 + � � �+ xpbp� = x1Ab1 + � � �+ xpAbp = [Ab1 � � � Abp ℄24 x1...xn 35
an be interpreted as the matrix produ
t of them�pmatrix with 
olumnsAb1; : : : ; Abpand the 
olumn ve
tor x. Sin
e we already know how to 
al
ulate Abj where bj isa 
olumn ve
tor this allows us to de�ne the matrix multipli
ation to beAB = [Ab1 � � � Abp ℄and we have a
hieved that (AB)x = A(Bx). (That the 
olumns of the matrix ofthe transformation x! A(Bx) are A(Bej) = Abj also follows from se
tion 1.9.)For pra
ti
al 
al
ulations by hand it is more eÆ
ient to use the alternative row-
olumn rule to 
ompute the (i; j)th entry of AB as the dot produ
t between theith row of A = [ aij ℄ and jth 
olumn of B = [ bij ℄:(AB)ij = ai1b1j + � � �+ ainbnji th row 26664 ai1 � � � ain 37775264 b1j...bnj 375 = 2666664 ...� � � (AB)ij � � �...
3777775 i th rowj th 
olumn j th 
olumn



3Ex Let A = � 1 20 �1 �, B = ��1 11 2 �. Find ABSol Ab1 = � 1 20 �1 � ��11 � = � 1 � (�1) + 2 � 10 � (�1) + (�1) � 1 � = � 1�1 � ;Ab2 = � 1 20 �1 � � 12 � = � 1 � 1 + 2 � 20 � 1 + (�1) � 2 � = � 5�2 �Hen
e AB = Ahb1b2i = hAb1Ab2i = � 1 5�1 �2 �Alternatively using the row-
olumn methodAB = � 1 20 �1 � ��1 11 2 � = � 1(�1) + 2 � 1 1 � 1 + 2 � 20(�1) + (�1)1 0 � 1 + (�1)2 � = � 1 5�1 �2 �Alternatively one 
an also write this asAB = � 1 20 �1 � ��1 11 2 �� 1 5�1 �2 �Quest When is the produ
t AB of an m�n matrix A and a p�q matrix B de�ned?Question Is matrix multipli
ation 
ommutative, i.e. is AB = BA?Why do people expe
t things to be 
ommutative in math when they are not 
om-mutative in real life? It is not the same thing to �rst put on the shoes and thenthe so
ks as it is to �rst put on the so
ks and then the shoes?What if A is a 2� 3 and B is 3� 2? Are AB and BA de�ned?Is it the same to �rst rotate and then re
e
t as it is to �rst re
e
t and then rotate?Ex Let A=� 0 �11 0 � be the matrix of rotation �2 
ounter
lo
kwise and B=� 1 00 �1 �be the matrix of re
e
tion in the x1 axis. Find AB and BA. Interpret geometri
ally.Sol AB = � 0 �11 0 � � 1 00 �1 �� 0 11 0 � BA = � 1 00 �1 � � 0 �11 0 �� 0 1�1 0 �Matrix multipli
ation need not be 
ommutative, i.e. in general AB 6= BA.Question Given examples of nonzero matri
es su
h that AB = 0.If you �rst proje
t on the x1 axis and then on the x2 axis the result is 0.The identity matrix is I = [ Æij ℄, where Æij = 1 if i = j and Æij = 0 if i 6= j:I = 264 1 0 0 00 1 0 00 0 1 00 0 0 1375 ; in 
ase 4� 4:We have AI = IA = A for any matrix A if I has the right size.The transpose AT is the matrix with rows and 
olumns inter
hanged, (AT )ij=(A)jiEx If A = 24 1 2 3�2 0 �14 5 2 35 then AT = 24 1 �2 42 0 53 �1 235.We have e.g. (AB)T = BTAT , (A+B)T = AT +BT .


