
Le
ture 8: 2.2 The inverse of a matrix.The inverse of a real number a 6= 0 is a number denoted a�1 su
h thata � a�1 = 1An n�n matrix A is said to be invertible if there is an n�n matrix A�1 su
h that(2.2.1) A�1A = AA�1 = Iwhere I is the identity matrix. The matrix A�1 
alled the inverse of A is unique.In fa
t if BA = AB = I then B = BI = B(AA�1) = (BA)A�1 = IA�1 = A�1.Not all n � n matri
es are invertible. A matrix whi
h is not invertible is 
alledsingular. An invertible matrix is 
alled nonsingular.Th If A is invertible then the equations Ax = b has the unique solution x = A�1b.Pf If A is invertible then A�1b is a solution to the system Ax = b: In fa
t,A(A�1b) = (AA�1)b = I b = b:To see that it is the only solution to Ax = b we multiply both sides by A�1 to getA�1Ax = A�1b;and sin
e A�1Ax = Ix = x;it follows that x = A�1b:Th Let A=� a b
 d �. If ad�b
 6= 0 then A is invertible and A�1= 1ad� b
 � d �b�
 a �.If ad� b
 = 0 then A is not invertible.Pf If ad� b
 6= 0 its easy to 
he
k that AA�1 = A�1A = I:� a b
 d � � d �b�
 a � = � ad� b
 00 ad� b
 � :If ad� b
 = 0 then (a; b) and (
; d) are proportional and the systemax1 + bx2 = b1
x1 + dx2 = b2does not have a unique solution so the 
on
lusion in the pre
eding theorem is wrongand hen
e the assumption must be wrong, i.e. A is not invertible.Ex Solve the system �7x1 + 3x2 = 25x1 � 2x2 = 1A=��7 35 �2 �, A�1= 17�2� 3�5 ��2 �3�5 �7 �=� 2 35 7 � so �x1x2 �=� 2 35 7 �� 21 �=� 717 �An inverse of a transformation x ! T (x) is a transformation whi
h takes youba
k T (x) ! x. The 
ondition A�1A = I says that the inverse of the lineartransformation x ! Ax is the linear transformation y ! A�1y. In fa
t, if we
ompose x!Ax with y!A�1y we get x!Ax!A�1(Ax)=(AA�1)x=Ix=x.Question What is the inverse of a s
aling by a fa
tor 3 and what is its matrix?What is the inverse of a rotation 
ounter
lo
kwise angle �=2 and what is its matrix?(AB)�1=B�1A�1, (A�1)�1=A as is 
lear from the 
omposition of transformations.1



2Question: How 
an we 
al
ulate the inverse of a matrix?If we 
an solve Ax = y for any y we will get the inverse x = A�1y.Ex Find the inverse of A = 24 1 0 0�3 0 10 1 035.Sol We perform row operations to solve the system Ax = y:8><>:8><>: x1 = y1�3x1 + x3 = y2x2 = y3 , 8><>:8><>:x1 = y1x3 =3y1+ y2x2 = y3 , 8><>:8><>:x1 = y1x2 = y3x3 = 3y1+ y2adding three times the �rst equation to the se
ond and then swit
hing the se
ondand the third equations. The system on the right is x = A�1y so we must havethat A�1 = 24 1 0 00 0 13 1 035. Its easy to 
he
k that AA�1 = I.The 
al
ulations above 
an be performed without writing out the variables as rowoperations dire
tly to the augmented matrix [A I ℄;24 1 0 0 1 0 0�3 0 1 0 1 00 1 0 0 0 135 � (2)+ 3(1)24 1 0 0 1 0 00 0 1 3 1 00 1 0 0 0 135 � (3)(2)24 1 0 0 1 0 00 1 0 0 0 10 0 1 3 1 035We have found an algorithm for determining if A is invertible and �nding the inverse:Cal
ulate the redu
ed row e
helon form of the augmented matrix [A I ℄. If it isof the form [ I B ℄ then A is invertible and A�1 = B. Otherwise A is not invertible.One 
an also prove that this works multiplying by elementary matri
es whi
h
orrespond to elementary row operations. Let E1=24 1 0 03 1 00 0 135, E2=24 1 0 00 0 10 1 035Multiplying by E1 adds 3 times row one to row two:E1A =24 1 0 03 1 00 0 13524 1 0 0�3 0 10 1 035=24 1 0 00 0 10 1 035Multiplying by E2 swit
hes row two and row three:E2(E1A) = 24 1 0 00 0 10 1 03524 1 0 00 0 10 1 035 = 24 1 0 00 1 00 0 135 = IHen
e E2E1A = Iand multiplying both sides by A�1 to the right gives sin
e AA�1= I and IA�1=A�1:E2E1I = A�1Hen
e a sequen
e of elementary row operations that redu
e A to I redu
e I to A�1.This argument assumed that A was invertible, but it also follows sin
e ea
h el-ementary matrix is invertible sin
e the row operations are reversible and hen
emultiplying by the inverse of the elementary matri
es gives A = E�11 E�12 so A isinvertible sin
e its a produ
t of invertible matri
es.



32.3 Chara
terizations of Invertible Matri
es.Question: What 
onditions are equivalent to that a matrix is invertible?Th Let A be a given n� n matrix. Then the following are equivalent:a) A is invertible.b) A is row equivalent to I.
) A has n pivot positionsd) The equation Ax = 0 has only the trivial solution.e) The 
olumns of A are linearly independent.f) The linear transformation x! Ax is one-to-one.g) The equations Ax = b has a solution for ea
h b.h) The 
olumns of A span Rn.i) The linear transformation x! Ax is onto.j) There is an n� n matrix C su
h that CA = I.k) There is an n� n matrix D su
h that AD = I.l) AT is invertible.Let us prove that (g) implies (a). If (g) is true then A must have n pivots andbe row equivalent to the identity or else there would be some b for whi
h it isin
onsistent. In fa
t if R is the redu
ed row e
helon form of A and if the last rowof R has all zeros then the system Rx = en, where en has 1 in the last pla
e, isin
onsistent. Hen
e if we perform the reverse of the row operations we get a systemAx = b whi
h is in
onsistent. But if its row equivalent to the identity then thesame sequen
e of row operations redu
e the identity to A�1.Let us also prove that (j) implies (a). If (j) holds then we 
an multiply Ax = 0with C to obtain that CAx = C0 and hen
e by (j) x = 0 so (d) holds. But if (d)holds there are no free variables so A has n pivot positions. But then the redu
edrow e
helon form is the identity matrix so (b) holds. But using the algorithm inthe previous se
tion we 
an 
on
lude that the same row operations that redu
e Ato I also redu
e I to A�1. Hen
e (a) holds.


