Lecture 9: 4.1 Vector Spaces. Recall that if x,y € R" are vectors in Euclidean
space we defined the addition x +y € R” and scalar multiplication Ax € R",
either geometrically with arrows or algebraically in terms of coordinates.

The addition and scalar multiplication satisfy certain properties listed below.

These properties show up in many different contexts and these properties are what
is needed to get the proofs of the theorems to go through. Rather then repeating
the proofs in each new situation it is more efficient to introduce the concept of an
abstract vector space to be a set with addition and scalar multiplication satisfying
these properties and once and for all prove the theorems under these assumptions only.

A set V with two operations, addition and multiplication by scalars, defined on it is
called a vector space if the following properties hold for any u,v,w € V «, 8 € R:
1. If u,v € V then u+ v € V. (closure under addition)
u+ v = v + u (commutative)
(u+v)+w) =u+ (v+ w) (associative)
There is an element 0€V such that u+ 0 = u all ueV (additive unit)
For each u € V there is —u € V such that u+ (—u) = 0 (additive inverse)
If u € V and a is a scalar then au € V. (closure under scalar multiplication)
a(u+ v) = au+ av (distributive)
(a4 f)u = au + fu (distributive)
9. (af)u = a(pfu) (associative)
10. 1-u = u (multiplicative unit)
It follows from (1)-(10) that Ou =0, (—1)u = —u, ¢0 = 0.
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Linear space would perhaps be a better name. In brief its a set with two operations,
addition and scalar multiplication, that allows us to form linear combinations.
It is difficult to understand from the axioms what a vector space is. Instead one
has to get a feeling for what it looks like by examples. If you describe to an alien
that a chair is something with a seat and a back they will not understand but if
you show them many chairs and how they are used they will get a good idea.

R" satisfy these properties, and more generally, so do mxn matrices; R™>* ", with
the sum A+B € R™* ™ and scalar multiplication AA € R™* ™ we previously defined.

Let 1=10,1] and let C(I,R) be the set of real valued continuous functions I — R.
If f, g are functions and A\ a scalar then we can define the functions f+g¢ and Af
by (f +9)(£) = F(£) + g(t) and (A)(t) = AF(2).

All the 10 properties above are satisfied which makes C'(I, R) into a vector space.
A vector in R" is determined by its n components but to specify a function on [
we have to give its value at infinitely many points. Still the analogy with R" has
proved enormously useful. E.g. to find the polynomial that best approximate a
function one projects onto the closest polynomial in a certain distance.

The idea of an abstract vector space goes back to Grassmann in 1844. He realized
that once geometry is put into this axiomatic algebraic form it would no longer be
limited to three dimensional space. However, the contemporary mathematicians
failed to recognize the importance of his work and it was not understood until
Peano in 1888 published a clear condensed interpretation. He didn’t get a university
position and during his life he got more recognition for his study of languages.
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Ex F = {x € R?; 21 + 23 + 23 = 0} with the addition and multiplication coming
from R3 is a vector space. It is some work to check all the 10 axioms but we will see
shortly that since its a subset of a vector space we only have to check the closure
properties, i.e. if we add two vectors in F' and multiply a vector in F' by a scalar
then the result stays in F', and it follows that all the axioms hold.

Ex G = {x € R3; 21 + 23 + w3 = 1} with the addition and multiplication coming
from R? is not a vector space. In fact, it is easy to see that if we add two vectors
X,y € Gthenz=x+y ¢ Gsince z1 + 20+ 23 =21 +y1 + T2+ Y2+ 23+ ys =
Ti+xot+ w3ty +yptys=1+1=2#1.

Question: When is a subset of a vector space a vector space itself?
We defined a vector spaces V as a set with addition and scalar multiplication that
satisfy 10 axioms. However, often we have a subset of a vector space in which case
we only need to check that its closed under addition and scalar multiplication:
A subset S of a vector space V is called subspace if

(a) 0 € S.

(b) u+ v € S, whenever u,v € S.

(c) au € S, whenever u € S and « is a scalar.
A subspace is automatically a vector space in its own right, i.e. with addition and
scalar multiplication inherited from (coming from) V' it satisfies all the 10 axioms.
In fact (1) is (b) and (6) is (¢). (2)-(4) and (7)-(10) hold for elements in the sub-
space since they are in the larger space where the axioms hold. Axiom (5), the
existence of the additive inverse follows from that —u = (—1)u is in the subspace.

Ex The set F' = {(z1, 72, 23); ©1 + 2 + 3 = 0} is a subspace.

Sol It is a subspace of R3 since if x,y € S then z = x + y satisfy 21 + 20 + 23 =
T1+Yy1 +To+ Y2 +T3+ys=o1 +To+x3+y1 +ys+ys = 0+0=0and w=ax
satisfy wy + wy + w3 = ax1 + axg + axz = a(x; + x9 + x3) = 0.

Ex The set G = {(z1, 22, 23); ©1 + 2 + x3 = 1} is not a subspace.

Sollfx,y € Gthenz =x+2z ¢ G since z1+20+23 =21 +y1 +To+ys+T3+ys =
Ti+ratw3tyi+y2+ys=1+1=2#1

Let vy, ...,v,, be vectors in a vector space V. A sum of the form ayvi+... + a, v,
where aq, ..., , are scalars, is called a linear combination of vy, ..., v,,. The set of
all linear combinations of a vq, ..., v, is called the span of vq, ..., v,, and is denoted
by Span(vy,...,v,). The set {vy,...,v,,} span (is a spanning set for) V if every
vector in V' can be written as a linear combination of vy, ..., v,,.

Ex The plane x1 + 23+ 3 = 0 is the span of the vectors (—1,1,0)7 and (—1,0,1)7.
Sol z; + 22 + 3 = 0 is in reduced row echelon form so x5 and x3 are free and the

solution is
MR RN
Io = i) = T 1 + I3 0
S N KN N
Th If vy, ..., v, are in a vector space V', then Span(vy,...,v,) is a subspace of V.

Pf The proof is essentially the same as that the plane z1 + 9 + x3 = 0 is a
subspace. Let v = aj1vy + ... + a;, v, be an arbitrary element in Span (vy, ..., v,).
then v = (Bag)vi+...4+(Bna)v, is in V), since its a linear combination of vy, ..., v,,.
Similarly if w = vy +...+ B, v, then v+w = (a1 +61)vi+...+ (n +Bn) v € V.



