
Le
ture 9: 4.1 Ve
tor Spa
es. Re
all that if x;y 2 Rn are ve
tors in Eu
lideanspa
e we de�ned the addition x+ y 2 Rn and s
alar multipli
ation �x 2 Rn,either geometri
ally with arrows or algebrai
ally in terms of 
oordinates.The addition and s
alar multipli
ation satisfy 
ertain properties listed below.These properties show up in many di�erent 
ontexts and these properties are whatis needed to get the proofs of the theorems to go through. Rather then repeatingthe proofs in ea
h new situation it is more eÆ
ient to introdu
e the 
on
ept of anabstra
t ve
tor spa
e to be a set with addition and s
alar multipli
ation satisfyingthese properties and on
e and for all prove the theorems under these assumptions only.A set V with two operations, addition and multipli
ation by s
alars, de�ned on it is
alled a ve
tor spa
e if the following properties hold for any u;v;w 2 V �; � 2 R:1. If u;v 2 V then u+ v 2 V . (
losure under addition)2. u+ v = v + u (
ommutative)3. (u+ v) +w) = u+ (v +w) (asso
iative)4. There is an element 02V su
h that u+ 0 = u all u2V (additive unit)5. For ea
h u 2 V there is �u 2 V su
h that u+ (�u) = 0 (additive inverse)6. If u 2 V and � is a s
alar then �u 2 V . (
losure under s
alar multipli
ation)7. �(u+ v) = �u+ �v (distributive)8. (�+ �)u = �u+ �u (distributive)9. (��)u = �(�u) (asso
iative)10. 1 � u = u (multipli
ative unit)It follows from (1)-(10) that 0u = 0, (�1)u = �u, 
0 = 0.Linear spa
e would perhaps be a better name. In brief its a set with two operations,addition and s
alar multipli
ation, that allows us to form linear 
ombinations.It is diÆ
ult to understand from the axioms what a ve
tor spa
e is. Instead onehas to get a feeling for what it looks like by examples. If you des
ribe to an alienthat a 
hair is something with a seat and a ba
k they will not understand but ifyou show them many 
hairs and how they are used they will get a good idea.Rn satisfy these properties, and more generally, so do m�n matri
es; Rm�n, withthe sum A+B2Rm� n and s
alar multipli
ation �A2Rm�n we previously de�ned.Let I=[0; 1℄ and let C(I;R) be the set of real valued 
ontinuous fun
tions I ! R.If f; g are fun
tions and � a s
alar then we 
an de�ne the fun
tions f+g and �fby (f + g)(t) = f(t) + g(t) and (�f)(t) = �f(t).All the 10 properties above are satis�ed whi
h makes C(I;R) into a ve
tor spa
e.A ve
tor in Rn is determined by its n 
omponents but to spe
ify a fun
tion on Iwe have to give its value at in�nitely many points. Still the analogy with Rn hasproved enormously useful. E.g. to �nd the polynomial that best approximate afun
tion one proje
ts onto the 
losest polynomial in a 
ertain distan
e.The idea of an abstra
t ve
tor spa
e goes ba
k to Grassmann in 1844. He realizedthat on
e geometry is put into this axiomati
 algebrai
 form it would no longer belimited to three dimensional spa
e. However, the 
ontemporary mathemati
iansfailed to re
ognize the importan
e of his work and it was not understood untilPeano in 1888 published a 
lear 
ondensed interpretation. He didn't get a universityposition and during his life he got more re
ognition for his study of languages.1



2Ex F = fx 2 R3; x1 + x2 + x3 = 0g with the addition and multipli
ation 
omingfrom R3 is a ve
tor spa
e. It is some work to 
he
k all the 10 axioms but we will seeshortly that sin
e its a subset of a ve
tor spa
e we only have to 
he
k the 
losureproperties, i.e. if we add two ve
tors in F and multiply a ve
tor in F by a s
alarthen the result stays in F , and it follows that all the axioms hold.Ex G = fx 2 R3; x1 + x2 + x3 = 1g with the addition and multipli
ation 
omingfrom R3 is not a ve
tor spa
e. In fa
t, it is easy to see that if we add two ve
torsx;y 2 G then z = x + y =2 G sin
e z1 + z2 + z3 = x1 + y1 + x2 + y2 + x3 + y3 =x1 + x2 + x3 + y1 + y2 + y3 = 1 + 1 = 2 6= 1.Question: When is a subset of a ve
tor spa
e a ve
tor spa
e itself?We de�ned a ve
tor spa
es V as a set with addition and s
alar multipli
ation thatsatisfy 10 axioms. However, often we have a subset of a ve
tor spa
e in whi
h 
asewe only need to 
he
k that its 
losed under addition and s
alar multipli
ation:A subset S of a ve
tor spa
e V is 
alled subspa
e if(a) 0 2 S.(b) u+ v 2 S, whenever u;v 2 S.(
) �u 2 S, whenever u 2 S and � is a s
alar.A subspa
e is automati
ally a ve
tor spa
e in its own right, i.e. with addition ands
alar multipli
ation inherited from (
oming from) V it satis�es all the 10 axioms.In fa
t (1) is (b) and (6) is (
). (2)-(4) and (7)-(10) hold for elements in the sub-spa
e sin
e they are in the larger spa
e where the axioms hold. Axiom (5), theexisten
e of the additive inverse follows from that �u = (�1)u is in the subspa
e.Ex The set F = f(x1; x2; x3); x1 + x2 + x3 = 0g is a subspa
e.Sol It is a subspa
e of R3 sin
e if x;y 2 S then z = x + y satisfy z1 + z2 + z3 =x1 + y1 + x2 + y2 + x3 + y3 = x1 + x2 + x3 + y1 + y2 + y3 = 0+ 0 = 0 and w = �xsatisfy w1 + w2 + w3 = �x1 + �x2 + �x3 = �(x1 + x2 + x3) = 0.Ex The set G = f(x1; x2; x3); x1 + x2 + x3 = 1g is not a subspa
e.Sol If x;y 2 G then z = x+z =2 G sin
e z1+z2+z3 = x1+y1+x2+y2+x3+y3 =x1 + x2 + x3 + y1 + y2 + y3 = 1 + 1 = 2 6= 1Let v1; :::;vn be ve
tors in a ve
tor spa
e V . A sum of the form �1v1+:::+ �nvn,where �1; :::; �n are s
alars, is 
alled a linear 
ombination of v1; :::;vn. The set ofall linear 
ombinations of a v1; :::;vn is 
alled the span of v1; :::;vn and is denotedby Span(v1; :::;vn). The set fv1; :::;vng span (is a spanning set for) V if everyve
tor in V 
an be written as a linear 
ombination of v1; :::;vn.Ex The plane x1+x2+x3 = 0 is the span of the ve
tors (�1; 1; 0)T and (�1; 0; 1)T .Sol x1 + x2 + x3 = 0 is in redu
ed row e
helon form so x2 and x3 are free and thesolution is 24x1x2x3 35 = 24�x2 � x3x2x3 35 = x2 24�110 35+ x3 24�101 35Th If v1; :::;vn are in a ve
tor spa
e V , then Span(v1; :::;vn) is a subspa
e of V .Pf The proof is essentially the same as that the plane x1 + x2 + x3 = 0 is asubspa
e. Let v = �1v1 + :::+ �nvn be an arbitrary element in Span (v1; :::;vn).then �v = (��1)v1+:::+(�n�)vn is in V , sin
e its a linear 
ombination of v1; :::;vn.Similarly if w = �1v1+ :::+�nvn then v+w = (�1+�1)v1+ :::+(�n+�n)vn 2 V .


