Math 210B Homework Problem set 1: Fundamental Solutions.

1. a) Show that G(t,2) = 8(t — |z|)/2 is a fundamental solution for 00 = 97 — A in
one space dimension. (Here 6(t) =1 when ¢ > 0 and 6(¢) = 0 when ¢t < 0. )

b) Use the fundamental solution to find a nice formula for the solution of

Ofu — Au = F, t>0, —co<zr<ox

u(0,2) = f(x) u(0,2) = g(x)

In order to use the fundamental solution you need to rewrite the equation in a form
with only a right hand hand side and vanishing initial conditions. This is done by
applying O to uo(t, x) = u(t, x)0(1).

2. Use the Fourier transform method to solve the problem

Ofu — ANu=F, t>0, —co<zr<ox

u(0,2) = f(x) u(0,2) = g(x)

First take the Fourier transform with respect to @ only; @(t,2) = [ e~ Cu(t, ) dx

and F(t, x) = [ e 8u(t,z)dx. Then the equation becomes an ordinary differential
equation in ¢ which can be solved using the fundamental solution (for the ode).
Finally, take the inverse Fourier transform, and check that you get the same answer
as in problem 1.

3. a) Give a proof of the divergence theorem.

b) Prove that ¢ /|x| is a fundamental solution for A in three space dimensions with
the appropriate choice of ¢y and give the constant c.

4. Find the solution to the initial value problem for the Schrodinger equation

Oiu + 1Au = F, t>0, —o<zr<o
u(0,z) = g(x)

Use the same method as in Problem 2.
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