MATH 231 PARTIAL DIFFERENTIAL EQUATIONS
Lecture 1: Introduction.
1.1 Definition. A Partial Differential Equation (PDE) of order k for a function
u(z) of x€R™ is an equation involving u and its derivatives up to order k

(1.1) F(z,u(z),0u(z),...,0"u(x)) =0

Here 0%u stands for the jet of all partial derivatives 0%u = gl -+ Ogru, of order
k=|a|l=a1+---+a,. The functions v and F' may also be vector valued in which
case its called a system of partial differential equations. A PDE is called linear if
it has the form

(1.2) Y aa(@)d™u(z) = f()

|l <k

1.2 Examples. Partial Differential equations arise in e.g. physics and geometry:

Linear. Laplace equation:

Au:iﬁgiuzo

i=1

Heat equations
ou—Au=0

Wave equation

Ou = 0u — Au =0

Schroedinger equation
10w+ Au =0

Transport equation

Opu +b'0p,u =0

Ordinary differential equation
ou+ Au =20

Nonlinear equations Burgers’ equation
Oiu + udxu = 0

Minimal surface equation
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Linear Systems Maxwell’s equations

E;, = curl B
B; = —curl &

divB=divE =0
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Nonlinear systems Euler’s equations of an incompressible fluid

{ 8tul- + ZZ:l Ukamkul = —aip
Z?:l 8wzuz =0

Einstein’s vacuum equations of general relativity for the metric tensor g.g, o, 8 =
0,1,2,3, of space time is that the Ricci curvature vanishes:

RW(Q) =0

which in harmonic coordinates becomes a system of nonlinear wave equations

l:]gg;w = F;w(ga ag): |:Ig = Z gaﬁax"axﬁ
«,$=0,1,2,3

Evolution equations. The wave, heat, Schroedinger, transport equations and the
ordinary differential equations are evolution equations describing evolving phenom-
ena. For evolution equations we want to find a solution for future times from the
knowledge of initial conditions.

Stationary equations. Laplace equation is a stationary equation. For stationary
equations we want to find a solution in the interior of a domain from boundary
conditions.

1.3 Strategies for Solving PDE’s.

Linear PDEs can be solved more or less explicitly, in particular if the coefficients
a, are constants.

For nonlinear equations we can in general not find an explicit solution but instead
we just ask if the problem is well posed, i.e. if:

(a) the problem has a solution,

(b) the solution is unique,

(¢) the solution depends continuously on data in a certain class.

For nonlinear equations one can usually prove local existence of a solution but
the solution might but the solution might blow up after some time.
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The initial value problem (IVP) for the simplest linear equations of one
space variable.

2.1 The transport equation.
(1.3) ur(t, ) + cuy(t,x) =0

This equation just says that u is constant in the direction (1,c¢), i.e. u is constant
along the characteristic lines x — ct = €. In fact

%u(t,ct + f) = (ut + Cum)(t,ct 4 f) -0

It follows that
u(t, z) = f(§) = f(x — ct)
for some function f. This formula represents the general solution. Note that the

solution at time ¢ is the data at time 0 translated the distance ct along the z-axis.
The solution is determined uniquely by posing the initial condition

(1.4) u(0,z) = f(x)

Conversely the initial value problem (1.3)-(1.4) has a unique solution give above.
The solution is a wave being transported at a speed c.

Problem 1.1 Problem 2.5.1 in Evans.
On the other if we in general try to solve

aus + buy =0, u(0,2) = f(x)

we see that it only works if a # 0, i.e. if the problem is non-characteristic. If a =0
and b # 0 then the first equation says that u, = 0 which contradicts the second
equation unless f’(x) = 0.

2.4.1a The wave equation.

(1.5) Ugy — gy = (0; — €0,)(0y + cOy)u =0
has the general solution

(1.6) u(t,x) = v(x + ct) + w(x — ct)

for some functions v and w since (9y + 9, )h(x F ct) = 0. Note that the solution at
time t consist of two waves one traveling to the right and one traveling to the left,
both with speed c.

The initial value problem for (1.5) with initial data

(1.7) u(0,2) = f(z), w(0,z)=g(x)

has the solution

1 1
(1.8) ult, ) = 5 (F(o +et) + flz — ct)) + %/ o(s) ds
r—ct
Problem 1.2 Prove that (1.8) gives the solution to the initial value problem
(1.5),(1.7). (There are really two parts to this. First proving that (1.8) is a solution
to the initial value problem and second that this is the only solution. If you use
(1.6) for the second part prove it.)



