Lecture 16: Hyperbolicity. We went over Garding’s condition of hyperbolicity
for wellposedness of the Initial value problem. We mostly followed the description
from John "Partial differential equations’ section 5.2.a and 5.2.b, but the same thing
can also be found in Evan’s section 7.3.3. Here is the text from John:

Problems 3 from John’s book in section 5.2.b
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(a) Prove E(A)=const. when [Ju=0. [Hint: Integrate u,[Ju over the lens-shaped
region 0<t<A¢(x).]

(b) Show that Q, as a quadratic form in u,u, ,...,u, is positive definite, when
S, is spacelike.

(c) Show that the initial data on S, of a solution of [Ju =0 uniquely determine u
on all S, with sufficiently small A. (Compare Holmgren’s theorem, p. 85.)

2. Let u be a solution of (1.68a, b, ¢) where f=h=w=0. Find the domain of
dependence of u(x,?) on g.

3. Consider the mixed problem for u(x,?)=u(x,,x;,x3,)

Ou=0 forx;>0,t>0 (1.75a)
u=f(x), u=g(x) forx;>0,r=0 (1.75b)
Mu=0 forx;=0,7>0, (1.75¢)

where M denotes a first-order operator of the form

3 3
M=+ Z“fa_x,. (1.75d)

with constant coefficients «;, and f,g vanish for all sufficiently small x;>0.
Prove there exists a solution u provided a; <0. (Compare problem 2, p. 45.)
[Hint: First determine v= Mu for x;>0, t>0 from its initial and boundary
conditions as a solution of [Juv=0. Next find u for x3 >0, 7>0 as a solution of
Mu = v with initial condition = f by the methods of Chapter 1. Verify that the
u obtained satisfies (1.75a, b, ¢).]

2. Higher-Order Hyperbolic Equations
with Constant Coefficients

(a) Standard form of the initial-value problem
For functions u(x, )= u(x,,...,Xx,,t) we define the differentiation operators

D=(Dl,...,D,,)=( 9 9 ) r= (2.1)

X O =

where D is the gradient vector with respect to the space variables. Using
the Schwartz notation of Chapter 3 we can write the most general mth-
order linear partial differential equation with constant coefficients in the
form

P(D,7)u=w(x,1), (2.2)

where P(D,7)=P(D,,...,D,,7) is a polynomial of degree m in its n+1
arguments. We associate with equation (2.2) in the half space >0 the
initial conditions

t*u=f (x) fork=0,...,m—1andr=0. (2.3)
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We shall assume that the plane =0 is noncharacteristic. This means that
the coefficient P (0, 1) of 7™ in the polynomial P does not vanish. Dividing
by a suitable constant we can bring about that

P(0,1)=1. 2.9

Problem (2.2), (2.3) for general data w,f, can be reduced to the standard
problem where the data have the special form

w=fo=fi=+ " =f._2=0, Jn—1=8(%). (2.5)
The solution of the standard problem (unique by Holmgren’s theorem) will
be denoted by u,(x,?). To achieve this reduction we first find a solution u

of (2.2) with zero initial data. Such a solution is furnished according to
Duhamel’s principle by the formula

u(x,1)= fo U(x,1,5)ds, 2.6)

where U(x,t,s) for each parameter value s>0 is the solution of the
initial-value problem

P(D,7)U(x,t,5)=0 fort>s (2.7a)
*U (x,t,5)=0 fork=0,...,m—2andt=s (2.7b)
WU (x,t,5)=w(x,s) fort=s. (2.7¢)

That it solves (2.2) is easily verified, using (2.4). Here for each s >0 the
function U(x,¢,s) is found by solving a standard problem; in fact

U(x,t,5)=u,(x,t—s) where g(x)=w(x,s). (2.8)
It remains to reduce the solution of the homogeneous equation
P(D,7)u=0 (2.9)

with general initial conditions (2.3) to standard problems. For that purpose
we arrange the polynomial P (D, ) according to powers of 7:

P(D,7)=1"+P/(D)r" '+--- +P (D), (2.10)

where P, (D) is a polynomial of degree <k in D,,...,D,. Using the
differential equation (2.9) one easily verifies that the solution u with initial
data (2.3) is representable in terms of the standard problems associated
with each individual f, by the formula

u=u,  +(r+P(D))u, +(7*+ P (D)r+P,(D))u,
+(r7 '+ P(D)r" P+ Py(D )1 P4 + P (D)) (2.11)

As an example we have for the solution of the wave equation
(12— c2A)u=0
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with initial values
u=f, u=g fort=0

the formula
u=u, + TUs

in agreement with (1.14).

A system of N linear partial differential equations of order m for N
functions u,,...,u; can also be written in the form (2.2), where now u
stands for the column vector with components u,,...,uy, and P(D,7) is a
square N X N matrix whose elements are polynomials of degree <m in
D,,...,D,,7. The data w,f, in (2.2), (2.3) are column vectors. The solution
u, of a standard problem corresponds to the data (2.5). For a nonchar-
acteristic initial plane =0 the matrix P (0, 1) is nondegenerate, and wg can
assume that

PO, 1)=1 (2.12)
is the unit matrix. The solution of (2.2) with zero initial data still is
described by Duhamel’s formulas (2.6), (2.7a, b, c¢), and thus reduced to
standard problems as in (2.8). The reduction of general initial data to
standard ones is achieved by a modification of (2.11) which reads

m

- -1 m-2
u=u, +(tu, +up, )+ +(r up 1", +u,,m~|,o).

(2.13)

In what follows we shall only have to deal with the standard problem
P(D,r)u=0 fort>0 (2.14a)

Tt u=0 fork=0,...,m—2and =0 (2.14b)

™ lu=g(x) fort=0. (2.14c)

We call the differential equation or system of equations (2.14a) hyper-
bolic (with respect to the plane ¢ =0), if the initial-value problem (2.14a, b,
c) has a solution u(x,#) of class C™, for all g(x)€ C§(R"), where s is
sufficiently large.* We also say that the plane =0 is spacelike.

PROBLEM
Verify that formulas (2.11), respectively (2.13), give the solution of the initial-value
problem (2.3), (2.9).

(b) Solution by Fourier transformationt .

Following Cauchy a formal solution of the standard problem (2.14a, b, c)
can be obtained by Fourier transformation with respect to the space

* Using the finiteness of the domain of dependence of u on g (implied, e.g., by Holmgren’s
theorem), one can show that in the hyperbolic case the problem (2.14a, b, c) has a solution for
g€ C*(R™), even without the assumption of compact support.

([8]).
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variables. It will be an actual solution if the integrals involved converge
adequately. We associate with a function g(x)€ C§(R") its Fourier trans-
form g, defined by

§©)=0m " [emig(x)dx (2.15)

(x-é=x§,+ -+ +x,£)* For g € C§ with sufficiently large s the reciprocal
formula

g(x)=(2m) " [ e (§)d (2.16)

holds. We find from (2.15) by integration by parts for any k=1,2,...,n
that

kg () =2m) " [ D (e7 ") g(x)dx

= —(277)_"/2fe_""5Dkg(x)dx.

We write this fundamental identity as

N

i&8=D, g (2.17)

By repeated application we find more generally for g€ C§ and any
multi-index a=(a,,...,a,) with |a|<s that
ca A KON

(i§)*¢=Dg. (2.18)

Thus differentiation for g is transformed into multiplication for £.
Formula (2.18) permits us to show that g(£) decreases rapidly for {—»c
when s is large. Let £=(¢,,...,§,), where, say,

[§1= max |£,]. (2.19a)

I£I=V§$ﬁ <Vn |g] (2.19b)

S

(k)= X (3 )<z 3wt

k=0

Then

<2n/2S e (2.19¢)

la|<s

*Here, of course, i=V —1 . Observe that generally g is complex valued, even when the
variables x,£,g are restricted to real values. In what follows the independent variables x,§ will
be assumed to be real, unless the contrary is stated, but g,g, and the coefficients of the
polynomial P will be allowed to be complex valued.
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Consequently by (2.18), (2.15),
(L+EDTE @O <2n*/2 3 |(i8)° (8)]

la|<s

<22 D f|D"‘g(x)|dx<Ms<oo, (2.20)

|a| <5

where M, depends on n,s, the size of the support of g, and the maxima of
the absolute values of the derivatives of g of orders <s. It follows in
particular that

|ﬂm<zﬁ$§:;fmg66“%w> (221)

and hence that the integral in (2.16) converges absolutely. Formula (2.16)
is valid for s > n.

Let now u(x,?) be a solution of (2.14a, b, ¢). To begin with we work
with a single partial differential equation, so that u is a scalar. We write
tentatively

u(x,f)=Q2m) "/ f ™4 (&,1)dt, (2.22)

where #(&,7) is the Fourier transform of u with respect to x. Purely
formally we obtain by differentiation

0=P(D,7)u(x,1)=(2m) "> f P (it )i (¢, 1) dt.
In addition for r=0
(r) "2 fefX~<rka(§, 1) dé = Tu(x,t)
0 for k=0,...,m—2
={an=@wﬂ“fwégmsfmk=m—L

These relations are satisfied formally, when #(§,¢) for each {ER" is a
solution of the ordinary differential equation

P(i&r)i (51)=0 ( r= i) (2.23a)

with initial values for r=0

for k=0,...,m—2

ki (g,z)={?§(§) RO (2.23b)
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This leads to the formal solution* of (2.14a, b, ¢)
u(x,0)=2m)"" [e™Z (g0 (©)ds (2.242)

where Z as a function of 7 denotes the solution of the ordinary differential
equation problem

P(i&1)Z(1)=0 (2.24b)
with initial values for r=0
k 10 fork=0,....m-2 204
20 {1 for k=m—1. (2.24c)

There is no problem with the existence of Z. Moreover we can verify
directly that the u given by (2.24a) is of class C” in x,t for x ER", 1 >0,
and actually satisfies (2.14a, b, c), if g€ C§ with s>n, and g and Z are
such that all differentiations with respect to x or ¢ of orders < m can be
carried out under the integral sign in (2.24a). This is certainly the case
when the resulting integrals converge absolutely. For that it is sufficient
that the expressions

(1+[E)" |7 ¢°Z (£,0) g (¢)| for |a|+hk<m (2.29)

are bounded uniformly in & ¢ for all £ER” and for ¢ restricted to any finite
interval 0< 1< 7.

Of course, the expressions (2.25) will be bounded in any bounded set in
§t-space. What matters is only the behavior for large |¢|. Here, to a certain
extent, g(§) can be controlled by assuming that s is large enough, as is
shown by the estimate (2.20). It is just a question of the growth of Z(£,¢)
and its r-derivatives. If we can show that there exists a constant N, such
that

[7%Z (&,1)| <(1+|¢)*N forall (ER”, 0<t< T,0<k<m, (2.26)
we find for the expressions (2.25), using (2.20), the upper bound
(l +|$|)n+l+m—sNM-

s

For the boundedness of the expressions (2.25) it is here sufficient to
assume that

s>2n+l+m. (2.27)

Formula (2.24a) will then represent a solution of our standard Cauchy
problem (2.14a, b, c).
The proper condition on the partial differential equation (2.14a), i.e., on

*More precisely our arguments show that if there exists a solution u(x,#) of (2.14a, b, c) of
compact support in x and sufficiently often differentiable, then u must be given by the
expression (2.24a).
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the polynomial P, under which an estimate of the form (2.26) holds, and
hence the initial-value problem can be solved, is:

Garding’s hyperbolicity condition. Equation (2.14a) is hyperbolic if there
exists a real number ¢ such that
P (i&,ir)#0 for all £ R” and all complex A with ImA< —c. (2.28)
Condition (2.28) is equivalent to the statement that all of the m roots A of
P (i&,i\)=0 (2:29)
lie in one and the same half plane
ImA> —c¢ (2.30)

of the complex number plane for all real vectors £.*
To establish the sufficiency of Garding’s condition we represent the
solution Z of (2.24b, c¢) by a Cauchy integral:

Z (1= ] P f,?',x) dx, 2.31)

where the closed path of integration I" runs around each root A of (2.29)
once in the counterclockwise direction. Indeed differentiation of Z as
defined by (2.31) with respect to ¢ results in multiplying the integrand by iA
so that

. 1 N
Pl§,7-Z=—— P(i&iA di
(i) f &N 5
N S VI
r fr eMdr=0
by Cauchy’s theorem, while for =0 by (2.10)

1 ikAk

’T‘kZ=_ d\
27 LT+ P(i8)im T IA T+ L+ P, (if)

Expanding T to infinity we see that this expression has the value 0 for
k=0,...,m—2, and the value 1 for k=m—1.

We first derive an upper bound for the roots A of (2.29). Using the
expansion (2.10) we have

P (i&,iN)=(iA)"+ P, (i£)(N)" '+ - -+ + P (i§)=0 (2.32)

* Garding showed that his condition (2.28) is necessary as well as sufficient. An even stronger
statement holds in the case where the polynomial P(D, t) is irreducible (i.e., not representable
as product of lower degree polynomials): If the equation (2.14a) is not hyperbolic, the
initial-value problem (2.14a, b, c¢) for g e C3(R") never has a solution, unless g vanishes
identically.
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For each kth-degree polynomial P, we have a trivial estimate
[P, (it)| < M(1+]))* forall tER” (2.33)
with a suitable constant M. Then for a root A of (2.29)

™ < MkZ1 (1+[g) "%,

Setting 8=|A| /(1 +|£]), we have then
"< M(1+60+6%+--- +0m").
This implies that either # <1 or ™ < Mm#™~' and hence |§| < Mm. Thus
for the roots A of (2.29)
_IAL
T+

Denote by A, (§) for k=1,...,m the m (not necessarily distinct) roots A
of (2.29) taken in any order. Then

0= <1+ Mm. (2.34)

P(i&N=i" 1T (A-A(®). 239)
k=1

Take for each k=1,...,m the open disk of center A, and radius 1 in the
complex A-plane. Let U denote the union of these m (possibly overlapping)
disks. Take for the path of integration I' in (2.31) the boundary of U,
which possibly consists of several closed curves and is composed of pieces
of the boundaries of the individual unit disks. Then I' runs once around
each of the A, and has total length <2mw. Moreover each of the points A
of T has distance > 1 from each of the A,, so that by (2.35)

|P(i&iN)|>1 for AeT.
Since each point of I" has distance 1 from some A, we have from (2.34) and
the Gérding condition (2.30)
ImA> —c—1, A|<T+(1+Mm)(1+|¢) <2+ Mm)(1+]§) onT.
Thus
leM| < e fort>0,A€T.
It follows from (2.31) that

( }\) em

|T*Z (£, 1)| = PGEN

<mQ2+ Mm)*(1+|¢)fe+9T (2.35a)

for 0<t< T, §ER”, 0<k<m. This is an estimate of the type (2.26). It
follows that for g€ C¢*™*!(R") the initial-value problem has a solution of
class C™ for ¢t >0, provided the Garding condition (2.28) is satisfied.
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The integral (2.31) for Z is easily evaluated by the calculus of residues,
in the case where all the roots A, are distinct. One finds that then

Z (0= 2 F (l';*mk) (2.36)

As an example consider the n-dimensional wave equation corresponding to
the operator

P(D,r)==12—c* > DA (2.37a)
k=1
Here
P(i&iN)= —(A*= %) (2.37b)
has the real roots
A =cl¢, A= —cl§ (2.37¢)
satisfying the Garding condition. Then by (2.36)
sin(c[¢|7)
Z¢ )= —F—. 2.37d
¢0="g (2379)
Thus the standard problem for the wave equation has the solution
A s clé|t
u(x,t)=Qm)"""? f et (I g|| 1) g(&)d¢ (2.37¢)
for g€ CF*3(R").

If the polynomial P (D,7) is homogeneous of degree m in D and 7 (as in
equation (2.37a)), we have for every solution (§,A) of (2.29) and every real s

P(s¢,sA)=0, Im(sA)=sImA.

Here sImA can be bounded from below for all s only, if InA=0. Thus the
Gérding condition for homogeneous P is that all roots A of the equation

P (i&,iN)=i"P({,N)=0 (2.38)
are real for all real £.

In many cases hyperbolicity can be inferred from properties of the
principal part of P alone. We arrange the terms in the polynomial accord-
ing to their degree, writing

P(D,7)=p,,(D,7)+p,,_(D,7)+ -+ +po(D,7), (2.39)
where p, (D, 7) is a form of degree k in D and 7. Here p,,(D, ) is identical
with the principal part of P(D,) as defined in Chapter 3. We shall prove:

For the Garding condition for P to be satisfied it is necessary that all
roots A of

Pm(§2)=0 (2.40)
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are real for all real £ (ie., that p, satisfies the condition); a
sufficient requirement which implies the Garding condition for P is
that all roots A of (2.40) are real and distinct for all real £0.

To prove this statement we apply the substitution
§=pm,  A=pp, (241)

where p=|¢| and 7 is a unit vector. Then P (i§,iA)=0 goes over into the
equation

Pm(n.p)+ —Pm i p)+ - ( ),,, — Po(m,w)=0 (242)
for p, depending on the parameters p,7n. By (2.4) the coefficient of u” in
(2.42) has the value 1. The coefficients of the powers of y not contributed
by the principal part tend to O for p— o0, since 7 is bounded. Using the fact
that the roots of a polynomial with highest coefficient 1 depend continu-
ously on the coefficients, we see that for p—oco the roots p of (2.42) will
tend* to the roots of

Pm(n,0)=0. (2.43)

Let there exist for a certain 1 a root p, of (2.43) with Impu,70. Assume
Imp,= —y<O0 (otherwise replace n by —n and py by —pg). Then there
exist roots u of (2.42) for all sufficiently large p for which Imp < —y/2 and
hence roots A of (2.29) for which Im 2 < — py/2. This contradicts (2.30) for
large p. Thus necessary for (2.30) is that the roots u of (2.43) are real for all
real n with |n|=1, and then also for all real 5. Assume next that the roots u
are real and distinct for real n#0, in particular for |n|=1. We now use the
fact that roots of a polynomial equation with highest coefficient one are
differentiable (even analytic) functions of the coefficients in any region not
containing multiple roots. They will be uniformly Lipschitz continuous in
any compact subregion. For large p and |n|=1 the coefficients of equation
(2.42) for p differ from those of equation (2.43) by terms of order 1/p.
Hence the difference of the roots p of (2.42) from appropriate roots of
(2.43) is of order 1/p uniformly for |n|=1. Since (2.43) has real roots, it
follows that the imaginary parts of the roots p of (2.42) are of order 1/p,
and hence the imaginary parts of the roots A of (2.29) are bounded
uniformly for all sufficiently large p=|£. By (2.34) A and ImA also are
bounded for bounded |£|. Thus (2.30) follows.

We call P strictly hyperbolic when its principal part p,,(§,A)=0 has real
distinct roots for £+ 0 hyperbolic. We see that strict hyperbolicity implies
hyperbolicity. Thus, for example, any equation of the form

U, = c*Au + ku (2.44)
is hyperbolic.

*More precisely in a given neighborhood of a root p of (2.43) of multiplicity y there lie
precisely y roots of (2.42) if p is sufficiently large.
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Formula (2.24a) for the solution u(x,t) of the standard initial-value
problem makes use of the values of g(£), which by (2.15) depend on the
values of the given function g at all points. Actually by Holmgren’s
theorem the domain of dependence of u(x,t) on the values of g is known
to be finite; equivalently initial data g of compact support lead to solutions
u(x,t) of compact support in x. This is not obvious from the expression
(2.24a), but can be deduced for strictly hyperbolic P from a version of the
Paley—Wiener theorem. This involves a shift in the integrations in (2.24a)
to complex £. For this we require estimates for the functions Z and g for
complex arguments £+ i{ and real ¢ >0, where £ and { are real.

Assume that the function g(x) belongs to Cj(R") where s>n+m+1,
and that the support of g(x) lies in a ball |x| <a. For the complex vector
£+ it we define |{+i{| by

g+ P= X &+ [P =[¢+[S (2.45)
k=1
Then as in (2.19¢) and by the same arguments
(T+[g+iE])° <2052 D |(E+i8)°). (2.46)
la]<s

We conclude from (2.15), (2.18) in analogy to (2.20) that

(+HE+ Y12+ <2n 3 [ e =€ Deg(x)|dx

laf < s |x|<a
< 2/ %Wl 2 f’D"‘g(x)|dx<e"|“Ms, (247)
la|<s
since for real x with |x|<a
|e =X E+E)] = e X8 C eIRT < ealfl, (2.48)

We proceed to estimate

) 1 ei}\l
1
28075, f PN

using as path of integration I' again the boundary of the union of the unit
disks with centers at the roots A, of

P(i(¢+1i¢),iN)=0. (2.49)
It follows, as in (2.35a) for k=0 that
|Z (§+i8,1)| < met O (2.50a)

where

c=— mgn (ImA,) < max [ImA,|. (2.50b)
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To estimate ¢ we apply the substitution
E+iC=pn, A=pu, (2.51)

where p=|{+in| and 7 is a complex vector with |n|=1. For a root A of
(2.49) we obtain again equation (2.42) for u. The coefficients in equation
(2.42) differ from those in the equation

Pm(n,p)=0 (2.52)

by terms of order 1/p. Since n=(£+i¢)/p, and |£/p|,|$/p|<1 the
coefficients in the equation (2.52) differ from those in the equation

Pm(§/p,p)=0 (2.53)

by terms of order |{|/p. Since the roots u of (2.53) are real and distinct for
&/p # 0, it follows for the roots u of (2.42) that
1+(¢] )
Imp=0| ——
w0

as long as ¢/p is bounded away from zero, and hence as long as |{|/p < %.
Thus the roots 4 of (2.49) satisfy

ImA=0(1+[¢]). (2.54)
Since also as in (2.34).
[Im 4] < 4] = O(1 + [¢ + il]) = O(1 + p) = O(1 + [{])
for ||/p > %, we see that (2.54) is valid for all ¢ + i{. Thus there exists a
constant M such that for the roots A = 4, of (2.49)
[ImA | <M (1+[S]),
and hence, using (2.50a,b), (2.47)

|Z(£+i8),t)| < meI +M+MED:

mM e—x~§+t+Mt+(a+Mt)|§|
e EDZ (E+i50) g E+i5)| < — . . (259)
(1+[€])
By Cauchy’s theorem we can in (2.24a) shift the domain of integration
from that of real ¢ to ¢ + i{ with fixed { without changing the value of the
integral, due to the decay of the integrand for large |£|. Choose now ¢ to be
of the form ox/|x|, where 6 >0. It follows from (2.24a), (2.55) that

|u(x,1)]| g(z,”)—n/ZmMset+Mt—o(|x|—a—Mt)f(l+|£|)—:d£.

If here
|x|>a+ Mt

it follows for 6—oo that u(x,#)=0. Hence u for each >0 has bounded
support lying in the ball |x| < a+ Mt. The constant M here represents an
upper bound for the speed of propagation of disturbances.
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So far we have dealt with the standard problem for a single scalar
equation P(D,r)u=0. The case of a system of equations with constant
coefficients requires only minor adjustments. If P is an N X N matrix
satisfying (2.12) a formal solution of (2.14a, b, c) is again furnished by
(2.24a), where now, however, Z(§,¢) is an N X N matrix given by

Z(&1)= % fr e™ (P (ig,iN)) " dA. (2.56)

Here T" has to be a path in the A-plane enclosing all singularities of the
matrix P ~', that is, all of the mN roots A, of the equation

0 (i&,i\) =det P (i£,i\) =0. (2.57)

Garding’s hyperbolicity condition for systems states that there exists a
constant ¢ such that

ImA> —c¢

for all roots A of (2.57) for all real vectors .

J. Hadamard introduced the important distinction between well-posed
(also called correctly-set) problems and those that are i/l posed (improperly
posed, incorrectly set). The distinction applies specially to problems where a
“solution” u is to be found from “data” g. Well-posed problems are those
for which

(a) u exists for “arbitrary” g.
(b) u is determined “uniquely” by g.
(c) u depends “continuously” on g.

Here the words in quotation marks are somewhat vague and require that
the spaces of admitted functions u and of functions g are specified.
Typically well-posed problems are the Dirichlet problem for the Laplace
equation and the initial-value problem for a hyperbolic equation with
constant coefficients* (see [33]).

The initial-value problem for the scalar equation P (D,r)u=0 certainly
is ill-posed when the principal part p,, of P does not satisfy Gérding’s
condition, that is, when there exists a real vector n and a nonreal scalar p,
such that

Pom(M,p10) =0.
We can assume here that

Impy=—v<0, |n|=1.

*In the latter problem one can specify that u€ C™ for x ER”, ¢ >0 and that g has uniformly
bounded derivatives of orders < s with s chosen sufficiently large. Then u depends continu-
ously on g in the sense that the maximum of |#| can be estimated in terms of the maxima of
the | D°g| for |a| < s. More generally the Cauchy problem with data on a space like surface is
well posed.
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Consider for any s exponential solutions of the form
(14 [E]) 77 mefCreAn, (2.58)
where P (i§,iA)=0 and s is an arbitrary integer. Take here
§=pn, A=pp.
For sufficiently large p we can find a A for which | p— po| <y/2. Then
N <(lpol +37)p,  ImA< —Jvp,
so that for =0 and |a| <5, 0<k<m
|Der*ul=(1+p) " "A[*[£7
Csem K ktla
<(L+p) 77" (| ol +37) kT

<(1+ ol +37)",
while
u(0,0)=(14p) " "e™|>(1+p) " Ter/2,

Thus the initial data and their derivatives of orders <s are bounded
uniformly for all x, while ©(0,7)—>cc for p—>o0 and any fixed ¢ >0. Here u
does not depend “continuously” on its initial data.

PROBLEMS

1. For n=3 identify the solution of the standard initial-value problem for the wave
equation given by (2.37¢) with the solution u = tM,(x,ct) obtained from (1.14).
[Hint: Compute M,(x,ct) in terms of g from (2.16).]

2. Solve the standard initial-value problem for the system of equations of elastic
waves

82u,- 9 auk
p?=uAu,-+(A+u)a—xi(2 8_xk) (2.59)

(with positive constants p,A,u) in the form (2.24a), computing the matrix Z (§,7)
explicitly from (2.56). [Answer: Z (§,7) is the matrix with elements

c1(OléP = && )sin(cal€|1) + cp&y sin(cy|é]1)

2.60
01C2|§|3 ( )

where cf=A\+2p)/p, c3=p/p.]
3. Show that for n=1, m=1 and any N the system of equations
u,+ Bu, — Cu=0

is strictly hyperbolic, when the matrix B has real and distinct eigenvalues.
(Compare (5.12) of Chapter 2.)
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4. Prove that, when Gérding’s condition is satisfied, the solution u of (2.14a, b, ¢)
can be written

u(x0)=(1-4 [ K(x=y.02(»d, (2.612)
where
K(x=y,t)=Q2m)"""? f eI+ |EPD) T Z (4, 1) dE (2.61b)

and s is any integer exceeding n/2. [Hint: Introducing A(x)=(1—A4,)g(x), we
can substitute for ¢ in (2.24a) the expression (1+[£?)~*A(§). Interchanging the
integrations yields

u(x,0)= [K(x=p)h(y)dy
from which (2.61a) can be derived.]

(c) Solution of a mixed problem by Fourier transformation

In many cases mixed initial-boundary-value problems can be solved by
Fourier transformation, when the domain of the solution is a half space.
The method will be illustrated (following R. Hersh*) by a problem for the
wave equation for n=3, which could also be solved by reflection. (Com-
pare problem 3, p. 143.) We seek to find a u(x,?)=u(x,, x,,x;,¢) for which
Ou=0 forx;>0,1>0 (2.62a)
u=u=0 forx;>0,r=0 (2.62b)
Mu=u+ o u, +ayu, +oazu, =h(x;,x,1t) forx;=0,1>0. (2.62c)
We assume here that the «, are constant, that a;<0, and (to avoid

inconsistencies for 7= x;=0) that there exists a positive & such that

h(x,,x,,t)=0 fort<e. (2.62d)

Let moreover h € C3(R?) with a sufficiently large s.
The building blocks are again exponential solutions

u= ei(At+§lxl +£&x,+ £5x3) (2.6321)
of (2.62a), for which the relation
AN —cH ¢+ +£2)=0 (2.63b)

will have to hold. For these u we have
Mu=iA+a,§,+ aé,+ aséy)e’ M Fam+hx) for x=0. (2.63c)

This leads to a formal solution of (2.62a,c) given by

(e 0)=Qm) 2 | LSRN b e N dgdg,dh. (264)
u(x,t)=<1im7 - ,€5, . .
i+ g + o, +agdy) s

* Mixed problems in several variables, J. Math. Mech. 12 (1963), 317-334.
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