Lecture 5: Distributions. Let C5°(R") (or D) denote the set of infinitely dif-
ferentiable functions that have compact support. (The support of a continuous
function ¢ is defined by supp ¢ = {z € R™; ¢(x) # 0}.) The seminorms

pa.k (¢) = sup |0%¢(z)],

reK

where K is any compact subset, makes C§° into a topological space, a Freche’ space.
We say that ¢, — ¢ in C§° if ¢ and all ¢;’s are supported in a fixed compact set
K and po g (¢pn— ¢) — 0, as n — oo for every fixed a.

A linear map L:C§° — C is called continuous if ¢,, — ¢ implies that L(¢,,) — L(¢).
If L is linear it is equivalent to only assume continuity at ¢ = 0.

Definition. Let D’ denote the dual space of C§°, i.e. the space of all continuous
linear functionals : C3° — C. D’ is called the space of distributions.

The continuity is equivalent to that for every compact K there are C, N so that

|IL(p)| < C Z sup |0%¢(x)], if supp ¢ C K.
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If f is a distribution we will write (f, ¢) for what we just called L(¢).

A bounded function can be viewed as a distribution given by (f, ¢) = [ f¢dx.
In fact, if supp ¢ C K, then | [ fodz| < [, |f]dx sup, |¢(z)| < Csup, |¢(z)|.
Even if f is a distribution we will sometimes use [f¢dz to denote (f, ¢), keeping
in mind that it is to be interpreted as a linear functional and not an usual integral.

Moreover, any derivative of a function is a distribution even if the function is
not differentiable in the usual sense. In fact, the main motivation to introduce
distributions is to generalize the concept of derivative. We define the derivative by

[@nods =1l [ ro0oa

This defines a distribution that agrees with the usual derivative if f is smooth by
integrating by parts.
Any weak limit of a distribution is a distribution. We say that f,, — f weakly if

/fngbdac—>/fgz5dw, ¢ € Cy°.

Moreover, it follows directly from the definitions that 0¢ f,, — 90 f if f, — f.
Any distribution f is the weak limit of a sequence of f, € C§°.
In fact, let ¢ € C’O satisfy f(,b dr =1 and set ¢.(z) = ¢(x/e)/e™. The convolution

fe(@) = o1k * f(x) = [ f(y)o1k(x —y) dy = (f, d1/x(x — -)) is well defined as the
distribution f actlng on the test function ¢, ,(2—y), considered as a function of y.

That f € C™ is seen by looking at difference quotients (fi(z+he;)— fx(z))/h and
using that (¢1/x(z + hej) — ¢1/x(x))/h — 0501 /1(x) in CF°. To show that fr — f:

() = [ [ 1@01le-9) dyv@)iz = [ 1) [6170(a-)0() dedy = (1.617000)

It follows from the proof of Lemma 3.2 that ¢, 5 * 1 —1), and hence f — f weakly.
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The delta function. The simplest example of a distribution which is not a func-
tion is the ”delta function” at a d,(z) = é(x — a) defined by

/(b(x) do(z)dx = ¢(a), ¢ € Cy°

It is a distribution since it satisfies |(dq, ¢)| < sup, | ¢(x)|.

Physically one can think of the delta function as a point charge; J,(x) = oo when
z=a and §,(x) =0 when x#a in such a way that the total change is [d,(z) dz=1.
One can think of it as a limit of a the sequence ¢.(x)=¢(z/e)/e", with [¢pdz=1.
A third interpretation in one variable is as the derivative of the step function:
Define the Heavyside function H by H(z) = 1 for x > 0 and H(x) = 0 for z < 0.
Then in the sense of distributions H'(x) = §(x). In fact

[ @t ds =~ [ @) @) e =~ [ T W@y de = 60), b

Problem 5.1 Let ¢(t) = e/, when t > 0, and v (t) = 0, when t < 0. Show

that ¢ € C>*°(R). Let n(x) = (1 — |z|?), where |z| = /22 + --- + 22. Show that
n(z) € Cg°(R").



