
Lecture 11: 4.4 and 10.2 Harmonic coordinates and linearized gravity.

We will now show that Einstein’s equations in the case of weak fields reduces are
consistent with Newton’s equations. We will assume that

gab = ηab + γab

where γab is small compared to gab. Then modulo quadratic terms in h

gab = ηab − γab + O(γ2), γab = ηacηbdγcd

Two metric that differs by a diffeomorphism define the same spacetime so there is
freedom of choice of representative within a diffeomorphism class. We choose to
impose the harmonic coordinate condition on the metric

gabΓc
ab = 0,

where Γc
ab is the Christoffel symbol

Γc
ab =

1
2
gcd

(
∂agbd + ∂bgad − ∂dgab

)
.

In fact, given a metric one can always at least locally make a change of coordinates
so in the new coordinates the harmonic coordinate condition hold. We just solve a
system for the new coordinates ¤gx

d = 0, where the geometric wave operator is

¤gφ = gab∇a∇bφ = gab∂a∂bφ + gabΓc
ab∂cφ

Since the geometric wave operator is invariant under changes of coordinates it
must also vanish when expressed in the xd coordinates 0 = ¤g xd = gab∂a∂bx

c +
gabΓc

ab∂cx
d = gabΓd

ab = 0, since ∂cx
d = δd

c . In the harmonic coordinates the
geometric wave operator hence reduces to

¤̃gφ = gab∂a∂bφ

Recall that
R σ

µνρ = ∂νΓσ
µρ − ∂µΓσ

νρ + Γα
µρΓ

σ
αν − Γα

νρΓ
σ
αµ,

Hence modulo terms that are quadratic in ∂h the Ricci curvature is

Rµρ = R ν
µνρ = ∂νΓν

µρ − ∂µΓν
νρ + Γα

µρΓ
ν
αν − Γα

νρΓ
ν
αµ

=
1
2
gνd∂ν

(
∂µgρd + ∂ρgµd − ∂dgµρ

)− 1
2
gνd∂µ

(
∂νgρd + ∂ρgνd − ∂dgνρ

)
+ O((∂g)2)

=
1
2
gνd∂ν

(
∂ρgµd − ∂dgµρ

)− 1
2
gνd∂µ

(
∂ρgνd − ∂dgνρ

)
+ O((∂g)2)

= −1
2
gνd∂ν∂dgµρ+

1
2
gνd∂ρ

(
∂νgdµ+∂dgνµ−∂µgνd

)
+

1
2
gνd∂µ

(
∂νgdρ+∂dgνρ−∂ρgνd

)
+O((∂g)2)

= −1
2
gνd∂ν∂dgµρ +

1
2
gνd∂ρ

(
gµcΓc

νd) +
1
2
gνd∂µ

(
gρcΓc

νd) + O((∂g)2)

If the metric satisfy the harmonic coordinate condition gνdΓc
νd = 0 then

Rµρ = −1
2
¤̃g γµρ + O(∂γ)2

Moreover we have

gµρR = gµρg
αβRαβ = −1

2
ηµρ¤̃g(ηαβγαβ) + O(γ∂2γ) + O(∂γ)2

and hence with ¤ = ηαβ∂α∂β :

Gµρ = −1
2
¤ γµρ + O(γ∂2γ) + O(∂γ)2, where γµρ = γµρ − 1

2
ηµρη

αβγαβ .
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4.4a The Newtonian Limit.

When gravity is weak the linearized version of Einstein’s equations should be valid

¤ γab = −16πTab, ¤ = ηαβ∂α∂β

Our assumption on the sources is then

Tab = ρ tatb,

where t = (1, 0, 0, 0) is the time direction. (The neglect of time-space component is
essentially the statement that the velocity is small and the neglect of space-space
component is the statement that stresses are small.) We also assume that the
sources are slowly varying so we also expect the time derivatives of γab to be small.
In that case the equation become

4γµν = 0, (µ, ν) 6= (0, 0), 4γ00 = −16πρ

where 4 =
∑3

i=1 ∂2
i is the space Laplacian. Hence a solution is given by

γab = γab −
1
2
ηabη

αβγαβ = −(4tatb + 2ηab)φ

where φ = −γ00/4 is a solution of Poisson’s equation

4φ = 4φρ

The motion of test bodies in curved spacetime is governed by the geodesic equation

d2xµ

dτ2
+ Γµ

ρσ

dxρ

dτ

dxσ

dτ
= 0,

For a motion of a particle much slower than the speed of light we may approximate
dxa/dτ by (1, 0, 0, 0) in the right and we get

d2xµ

dτ2
= −Γµ

00 =
1
2

∂γ00

∂xµ
= − ∂φ

∂xµ

where again the time derivatives have been neglected. Thus the motion of test
bodies have acceleration

a = −∇φ

which is of course Newton’s equation in the field of a gravitational potential φ.

4.4b Gravitational Radiation.


