
Lecture 6: 3.2 cont. The Ricci curvature and the Einstein tensor.
If we trace the Riemann curvature tensor R d

abc we get the Ricci curvature

Rac = R d
adc

and if we trace again the scalar curvature

R = Racg
ac

Einstein’s vacuum equations without any forces from matter are

Rab = 0.

We will motivate these later but for now let us just say that if we want an equation
for the metric that is invariant under changes of coordinates, under changes of ac-
celerating frame it has to be in terms of the curvature. Moreover since we expect
physics to be such that a particles path in the absence of exterior forces is deter-
mined by its initial position and velocity, then it has to be a second order equation.
Therefore it has to be an equation in terms of the curvature itself. If the Riemann
curvature vanishes then the metric can be transformed to the flat Minkowski metric
by a change of coordinates. Just saying that the scalar curvature vanishes is too
restrictive so what is left is to say that the Ricci curvature vanishes.

In the presence of exterior forces the above equations have to be modified since
since its not automatically divergence free. The Einstein tensor is defined by

Gab = Rab − 1
2
Rgab

It follows from the Biachi identity that

∇aGab = 0, T a = gac∇c

Einstein’s equations in the presence of exterior forces is

Gab = Tab

where Tab is the energy momentum tensor of the matter fields that is expect to
satisfy additional equations, in particular it has to be divergence free ∇aTab = 0.

The trace free part called the Weyl tensor Cabcd is defined by

Rabcd = Cabcd +
2

n− 2
(
ga[cRdb] − gb[cRd]a

)− 2
(n− 1)(n− 2)

Rga[cgd]b.
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3.3 Geodesics.

A geodesic is the straightest curve between two points. In flat space this is a line but
on the sphere it is great circles. In Riemannian geometry with a positive definite
metric gab the curve between two points with the shortest length is a geodesic. The
length of a curve x(t) is defined by

`(x) =
∫ b

a

√
gab(x)

dxa

dt

dxb

dt
dt

Consider a family of curves x(t, s) depending on an additional parameter s with
the same starting and ending points and let δx = ∂s x. Then after differentiating
and integrating by parts we get

δ`(x) = −
∫ b

a

(d2xc

dt2
+ Γc

ab

dxa

dt

dxb

dt

)
gcd δxd dt

In order for the length to be minimal we must have that δ` = 0 for all δx which is
true if

d2xc

dt2
+ Γc

ab

dxa

dt

dxb

dt
= 0

This system of differential equations have a unique solution for any initial position
and velocity. This means that for each tangent vector T at a point p we have a
geodesic. We can hence define a map from the tangent space to to the geodesic at
parameter value one in the manifold. This is called geodesic normal coordinates.

This is the equation for a geodesic and it can also be written

T a∇aT b = 0, T a =
dxa

dt

In Lorentzian geometry with a metric with signature (−1, 1, 1, 1) this equation
still makes sense even though a geodesic no longer has the interpretation as the
minimal distance between two points in general. For a curve that is space like, i.e.
gabT

aT b > 0, it still has this interpretation. However for a curve that is timelike
gabT

aT b < 0 we define the proper time to be

`(x) =
∫ b

a

√
−gab(x)

dxa

dt

dxb

dt
dt

A curve is called null if gabT
aT b = 0.
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3.3 Gaussian coordinates and an interpretation of the curvature ten-
sor. Recall the equation for a geodesic

d2xc

dt2
+ Γc

ab

dxa

dt

dxb

dt
= 0 ↔ T a∇aT c = 0, T =

dxc

dt
.

This system of differential equations have a unique solution for any initial position
and velocity. This means that for each tangent vector T ∈ Vp at a point p we
have a geodesic γ(t) through p in the direction of T . The exponential map is the
map Vp 3 T → γ(1) ∈ M , defined for small T . We can hence parameterize a
neighborhood of p ∈ M by a neighborhood of 0 ∈ Vp. This is called geodesic
normal coordinates.

The geodesics can also be used to define another type of coordinate system. Suppose
that S is a space-like hyper-surface of codimension 1 in a Lorentzian manifold of
dimension n. This means that gabX

aXb > 0 for and tangent vector X ∈ Ṽp to the
hyper-surface. Let n be the unit normal; gabn

aXb = 0, X ∈ Ṽp, gabn
anb = −1. Let

S be parameterized by local coordinates (x1, . . . , xn−1) and consider the geodesics
from a point on S when the parameter t = 0 and let St be the surface of all geodesics
from different points at time t..... The coordinates (x1, . . . , xn−1, t) of M are called
Gaussian coordinates........ see (3.3.6) in book.

We will now give an interpretation of the Riemannian curvature tensor as how much
nearby geodesics accelerate from each other...... see (3.3.15)-(3.3.18) in book.


