
Math 250B Riemannian GeometryLe
ture 1: Overview. What is the 
ourse about?Consider a submanifold of Eu
lidean spa
e, e.g. a 
urve or a surfa
e in spa
e.On the submanifold lives 
reatures that are unaware of the surrounding spa
e.They 
an measure distan
es on the submanifold but not distan
es in spa
e.How mu
h of the geometry of the submanifold 
an they �nd out?We 
an straighten out a 
urve or bend a paper and they wouldn't know the di�eren
e.Gauss asked how mu
h of the geometry of a surfa
e is independent of how it bendsin spa
e, i.e. how mu
h of the geometry that remains the same if we perform anisometry that doesn't 
hange distan
es between points.This is 
alled the intrinsi
 geometry as apposed to the extrinsi
 geometry thatmeasures how the submanifold lies in spa
e.Consider a 
urve in the plane. The 
urvature at a point is de�ned to be the inverseof the radius of the 
ir
le that is tangential to the 
urve to se
ond order there.Clearly the 
urvature of a 
urve is an extrinsi
 quantity.Gauss Theorem Egregium:The produ
t of the prin
ipal 
urvatures of a surfa
e is invariant under isometries.At the point on a surfa
e 
onsider planes through the point 
ontaining the normal.The interse
tion between the planes and the surfa
e are 
urves.As the angle of the plane 
hanges so does the 
urvature of the 
urve.The prin
ipal 
urvatures are the maximum 
urvature and the minimum 
urvature.Riemann 
ame up with a higher dimensional version of this theory whi
h in addition
an be formulated for an abstra
t Riemannian metri
 on the tangent spa
e.Consider a 
urve, with tangent ve
tor _X(t). Then the Riemannian distan
e isR k _X(t)k dt, where kX 0(t)k2 = gij _Xi _Xj and gij is 
alled the Riemannian metri
.There is a 
urvature tensor Rijkl whi
h is invariant under isometries, i.e. 
an be
al
ulated in terms of the metri
.Einstein realized that this theory 
ould be used to des
ribe how spa
e 
urves underthe in
uen
e of gravity whi
h lead to the general theory of relativity.These are equations for the 
urvature tensor.Core topi
s:Curvature of 
urves, surfa
es and submanifolds of Eu
lidean spa
e.Riemannian metri
 on a manifold. Parallel transport and Riemannian 
onne
tion.Geodesi
s and the exponential map. Ja
obi �elds.Curvature, Se
tional 
urvature. Bian
hi identities.Submanifolds, immersions.The se
ond fundamental form. Codazzi equation.Additional topi
s that we might 
over:General relativity.Moving frames and the stru
tural equations.1



2Curves in Eu
lidean spa
e.Consider a 
urve: R � I 3 t! x(t) 2 RN , su
h that _x(t) = dxdt (t) 6= 0, t 2 I.If � : J ! I is a bije
tion we regard x Æ � as the same 
urve.The ar
 length s(t) is de�ned up to an additive 
onstant by dsdt (t) = k _x(t)k.If we de�ne X(s(t)) = x(t) we get a 
urve with k _X(s)k = 1.Hen
e dds h _X(s); _X(s)i = 2h �X(s); _X(s)i = 0, i.e. �X is perpendi
ular to _X.Consider a 
ir
le with radius R parameterized by ar
 length:x(s)= x0+Re1 
os (s=R)+Re2 sin (s=R), where e1 and e2 are orthogonal unit ve
tors.Then tangent is _x(s) = �e1 sin (s=R) + e2 
os (s=R) andthe se
ond derivative �x(s) = (�e1=R) 
os (s=R)�(e2=R) sin (s=R) = (x0�x(s))=R2is dire
ted towards the 
enter of the 
ir
le and k�xk = 1=R.Def If x(s) is parametrized by ar
 length, i.e. k _x(s)k = 1 then n = �x(s)=k�x(s)k is
alled the prin
ipal normal of the 
urve at x(s) and �(s) = k�x(s)k is the 
urvature.The plane spanned by _x(s) and n(s) is 
alled the os
ulating plane.The Frenet formulas.Sin
e the prin
ipal normal satis�es hn(s); n(s)i = 1 we get h _n(s); n(s)i = 0, andsin
e hn(s); _x(s)i = 0 we have h _n(s); _x(s)i+ hn(s); �x(s)i = 0 i.e.h _n(s); _x(s)i = ��(s):Hen
e _n(s) + �(s) _x(s) is orthogonal to the plane spanned by _x(s) and n(s). Thelength of this ve
tor is 
alled the torsion �(s) and the normalized unit ve
tor in itsdire
tion is 
alled the binormal b(s). We have_n(s) = ��(s) _x(s) + �(s)b(s)Di�erentiation of the equationshb(s); _x(s)i = 0; hb(s); n(s)i = 0; hb(s); b(s)i = 1givesh_b(s); _x(s)i = �hb(s); �x(s)i = 0; h_b(s); n(s)i = �hb(s); _n(s)i = ��(s); h_b(s); b(s)i = 0We obtain �x = �(s)n(s)_n(s) = ��(s) _x(s) + �(s)b(s)_b(s) = ��(s)n(s)Given �(s) and �(s) this system of di�erential equations has a unique solution forgiven initial 
onditions. The interpretation of this is as follows: the 
urvature �(s)measures how mu
h the 
urve 
urves in its os
ulating plane and the torsion �(s)measures how mu
h the os
ulating plane turns as we go along the 
urve. Thesetwo quantities 
ompletely 
hara
terize the 
urve. In parti
ular if it is a 
urve inthe plane then the torsion is zero and the 
urve is 
ompletely determined by its
urvature at ea
h point and initial tangent.


