
Le
ture 10: The Riemannian 
onne
tion.A 
onne
tion is said to be symmetri
 if rXY �rYX = [X;Y ℄ = XY � Y X.A 
onne
tion is said to be 
ompatible with a Riemannian metri
 h ; i ifXhY; Zi = hrXY; Zi+ hY;rXZi; where Xf = Xk�kfTheorem Given a Riemannian manifold, there is a unique 
onne
tion that is sym-metri
 and 
ompatible with the metri
. It is 
alled the Levi-Civita 
onne
tion.Pf We have XhY; Zi = hrXY; Zi+ hY;rXZi(6) Y hZ;Xi = hrY Z;Xi+ hZ;rYXi(7) ZhX;Y i = hrZX;Y i+ hX;rZY i(8)Adding (6) and (7) and subtra
ting (8) and using the symmetry we getXhY; Zi+Y hZ;Xi�ZhX;Y i = h[X;Z℄; Y i+ h[Y; Z℄; Xi+ h[X;Y ℄; Zi+2hZ;rYXiThereforehZ;rXY i = 12�XhY; Zi+Y hZ;Xi�ZhX;Y i�h[X;Z℄; Y i�h[Y; Z℄; Xi�h[X;Y ℄; Zi�It follows that r is uniquely determined from the metri
.In 
oordinates rEiEj = �kijEk, Ei = �=�xi we have [Ei; Ej℄ = 0 and the abovebe
omes if Z = Ek, X = Ei and Y = Ej�ìjg`k = 12� ��xi gjk + ��xj gki � ��xk gij�With �kij as above the formula for 
ovariant derivative exa
tly the same as for asubmanifold of RN , with the ex
eption that gjk now do not 
ome from restri
tingthe Eu
lidean metri
 but instead is abstra
tly given:(9) DVdt = �dV kdt + �kij dxidt V j�Ek; if V = V kEkCompare the formula we got by proje
ting to the tangent spa
e If we proje
t thisto the tangent spa
e we get(10) DVdt = ��jV k + �jijV i�dxjdt fk; if V = V kfk;where f : Rn !M � RN is the embedding andfk = �kfOne 
an of 
ourse express (10) in terms of the lo
al 
oordinates (x1; : : : ; xn) usingthe identi�
ation V kfk = V kEk. (and dV k=dt = �jV k dxj=dt.)1



2Geodesi
s.A parameterized 
urve 
 is 
alled a geodesi
 if Ddt d
dt = 0.If 
 is a geodesi
 then ddtDd
dt ; d
dt E = 2DDdt d
dt ; d
dt E = 0. Therefore the ar
 lengthis proportional to the parameter for a geodesi
.In lo
al 
oordinates 
(t) = (x1(t); : : : ; xn(t)) the equation Ddt d
dt = 0 be
omesd2xkdt2 + �kij dxidt dxjdt = 0; k = 1; : : : ; nWe 
an think of this 
urve as a 
urve (
(t); d
(t)=dt) in the tangent spa
e TM =f(p; v); p 2 M v 2 TpMg. In lo
al 
oordinates (x1; : : : ; xn) a ve
tor v 2 TpM 
anbe written Y i�i so (x1; : : : ; xn; Y 1; : : : ; Y n) are lo
al 
oordinates for TM . We getthe system dxkdt = Y k; dY kdt � �kijY iY jBy the existen
e theory for ODE this system has a unique lo
al solution for giveninitial 
onditions for x and Y . However, be
ause of the uniqueness a solution ina di�erent 
oordinate system will in fa
t be the same whi
h means that throughea
h point in the tangent spa
e TM there is a unique traje
tory (
(t); 
0(t)) 2 TM .This ve
tor �eld is 
alled the geodesi
 ve
tor �eld on TM .


